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Abstract

The study of curvature tensors is central to differential geometry, providing insights into the intrinsic and
extrinsic properties of manifolds. Among these, the projective curvature tensor has garnered significant
attention for its relevance in projective geometry and its applications in physics. Recent developments have
focused on generalizing the classical projective curvature tensor to uncover new geometric invariants and
broaden the scope of its applications. In this regard, the M-projective curvature tensor has emerged as a notable
generalization, offering deeper insights into manifold structures and their geometric behavior. This study
examines the properties of the M-projective curvature tensor, highlighting its mathematical significance and
potential applications in various space-time models. The analysis employs Lie derivative methods to explore the
tensor’s structural characteristics, providing a framework for further investigations in differential geometry and
theoretical physics.

Keywords: M-projective curvature tensor, differential geometry, Lie derivative, geometric invariants, space-
time models

1. Introduction and Preliminaries

The study of curvature tensors plays a fundamental role in differential geometry. Among the various
curvature tensors, the projective curvature tensor has been extensively investigated due to its connections
to projective geometry and its applications in physics. In recent years, there has been a growing interest in
generalizing the notion of projective curvature tensor to obtain new geometric invariants and explore their
properties.

In this context, the M-projective curvature tensor emerged as a significant generalization of the classical
projective curvature tensor. This tensor studied in various space-time models and has possessed
interesting properties.

The Lie-derivative in generalized fifth recurrence Finsler space for Carton's fourth curvature tensor in
sense of Berwald introduced by AL-Qashbari and Baleedi [10]. Ali et al. [6] studied a Lie - derivative of M-
projective curvature tensor and established some properties of this curvature tensor. Further, Gouin [19]
introduced some remarks on the Lie-derivative. Opondo [22] studied the Lie-derivative on W-curvature
tensor in recurrent and bi-recurrent Finsler space. The Lie-derivative of forms and its application was
investigated by authors [20, 23].

The generalized recurrence, birecurrence and trirecurrence properties for various curvature tensors in
sense of Berwald have been discussed by [2, 3, 4, 5, 11, 12, 13, 17, and 21]. The generalized recurrent
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Finsler spaces of higher orders have been studied by [8, 18]. Let us explore the infinitesimal transformation
point given by [10]
(1.1) xi=xi+v(x) .
Where is an infinitesimal point constant and v(x) is acontravariant vector field independent of directional
arguments and dependent on positional coordinates xi only, also vi(x) # 0. Infinitesimal method is a tool
that leads to Lie-derivatives. The symbol Lv denote the Liedifferentiation operator with respect to the
transformation (1.1). The Lie - derivative of a vector field x in sense of Berwald is given by
(1.2)  Luxi=v/Bjxi- x)Bjvi+ (0j x!)Bsvys .
The Lie - derivative of a general mixed tensor field ji(x, x) expressed in the form
(1.3)  LvTjkih=vmBmTjki h— T jkmhBmvi + TmkihBjvm
+Tjmt  WBkv™+ Tjkmt  Brv™+ OmT jkl RBrv™yT .

The vector ! is Lie-invariant i.e.
(1.4) Lvyi=0.
The metric tensor gi; and the Kronecker delta 6x are given by [1, 16]
(15) a)yy=yi, b)di=n, ¢ gigk=sk={lo U if Jj=zk.

d) Sklyi=y, e)ow=0ry, f)gm=0ryr and j)ojy=1.
The metric tensor, Cartan’s connection parameters and Berwald’s connection parameters are symmetric
in their lower indices and they are positive homogeneous of degree zero in the directional arguments.
Berwald’s covariant derivative of the vectors  and y: vanish identically, i.e. [15]
(1.6) a) Bkyi=0 and b) Bkyi=0
The Cartan's fourth curvature tensor jkin» and Cartan's third curvature tensor Rjki» are skewsymmetric it
their last two lower indices and satisfy the following relations
(1.7) a) Hkih=Kjkihyj=Rjkinyj, b) Kjkin=Rjkih— CjsiHksh and c) Rjkihgjk= Rhi.
The torsion tensor Hkin , deviation tensor Hnri and torsion tensor Cj«' satisfy the following relations
(1.8) a) Hkwyk=Hn, b) Hjlyi=0 and c)Cikiy/=0.
A Finsler space whose Berwald connection parameter Gkin is independent of yiis called an affinely
connected space (Berwald space). Thus, an affinely connected space is characterized by one of the
equivalent conditions [14]
(1.9) a) Bkgij=0 and b) Bk gi=0.
Let us explore a generalized BK —fifth recurrent Finsler space satisfying the relations [9]
(1.10)  BsBqBiBnBmKjkih= asqinmKjki h + bsqin(S6hi gjk — Ski gjh)

= csqinm(Ohi Cjkn = Ski Cjhn) — dsqinm(Shi Cjkl — ki Cjni)

- €sqln(5hi Cjkq — Oki thq) - qulnmyrBr(5hi Cjks - Oki ths) .
(1.11) BsBqBIBnBmHkih = asqinmHkih + bsqln(é‘hi Yk — Oki _’yh) .
(112) BquBanBmHhi = asqinmHhi + bsqln(5hi F2- yiyh) .
(1.13) BsBqBiBnBmRjki h = asqinmRjki h + bsqin(Shi gjk — Oki gjn)

= csqlnm(Ohi Cjkn — 8ki Cjhn) — dsqinm(Shi Cjkl — ki Cjni)
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= esqin(On Cjkqg — Ok Cjng) = 2bqinmy™Br(6nt Cjks — k' Cjns)
If and only if
(114) BquBanB(Cjti Hkth) - asqlnm(Cjti Hkth) =0.
Taking the Lie-derivative of both sides of [(1.5)d] and using [(1.5)c] when i #j, we get
(1.15) Lvyk=0.
Taking the Lie-derivative of both sides of [(1.5)a] and using (1.15) and (1.4), we get
(1.16) Lvgij=0.
M-projective curvature tensor collineation along a vector field v(x) satisfied the relation
(1.17) LWijin=0.
The M-projective curvature tensor Wik x is given by [7]
(1.18) Wijkih= Rjkih— 16— (RjkOhi — RjnSki+ gjkRhi— gjhRk ) .
By applying (1.3) on the Cartan’s fourth curvature tensor Kjii» and h(v) —torsion tensor Hkix, using [(1.6)a]
and [(1.5)e,c] when r #m, we get
(1.19) LvKjki h= vmBmKjki i— KjkmhBmvi+ Kmki hBjvm+ Kjmi hBkvm+ Kjkmi Bhv, and
(1.20)  LvHkin= v"BmHkin— HK™nBmV' + Hm! RBkv™ + Him! Brv , respectively. Taking the Lie-derivative of
both sides of [(1.7) a], we get
(1.21) LvHkih=LvKjkiny .
Using (1.4) in above equation, we get
(1.22) LvHkin=yjLvKjkih .
Using (1.19), [(1.7) a] and (1.4) in above equation, we get
(1.23)  LvHkih = vmBmHkih— HkmhBmvi + Kmki hkBjvmyj + Hmi hBkvm + Hkmi Bhv . In view of (1.23) and (1.20),
we get
(1.24) Kmi! KBjymyi=0.
Using [(1.6)a] in above equation and since Kmk‘n# 0 and y/# 0, we get (1.25) Bjvm=0.
The main objective of this paper is studing of the M-projective curvature tensor in GBK - 5RFn. By utilizing
the Lie-derivative, we are able to derive new identities and relations that provide deeper insights into the
geometric properties of BK — 5RFn.
2. A Lie-derivative of M-projective curvature tensor in GBK - 5RFn
Let us explore a generalized BK -fifth recurrent space that Cartan’s fourth curvature tensor Kj«in is defined
as (1.10). Taking the Lie - derivative of both sides of (1.18) and using [(1.5)c], we get
(2.1)  LvWijkih= LvRjkih— 16_L(gjkRni— gjhRki ).
By applying (1.3) on the M-projective curvature tensor Wjki rand Cartan's third curvature tensor
Rjk'n, using the result equations and (1.25) in (2.1), we get
(2.2) vmBmWijkin=vmBmRjkir, if the tensor gjkRr! is symmetric in its two lower indices h and k.
Taking Berwald covariant derivative of fourth order for (2.2) with respect to x», x!, x? and s, using (1.25)
and since vm# 0, we get
(23) BquBanBijki h= BquBanBijki R, if
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(2.4)  gjkRr = gjrRk .

Thus, we conclude

Theorem 2.1. In GBK - 5RFn, the Berwald covariant derivative of fifth order for Mprojective curvature
tensor Wi and Cartan's third curvature tensor Rjki» are equal if the tensor gjkRr! is symmetric in its two
lower indices h and k.

Using [(1.5)c] in (1.13) and using the result equation in (2.3), we get

(25) BquBanBijki h= asqlnijki h,

Let as assume k' n= Rjki h, then above equation can be written as

(2.6) BsBqBiBnBmW ki h= asqinmWikih ,

Thus, we conclude

Theorem 2.2. In GBK - 5RF , the M-projective curvature tensor Wjki » behaves as fifth recurrent if it equals
Cartan's third curvature tensor Rjkin [provided (1.14) and (2.4) hold].

Using [(1.7)b] in (2.1), we get

(2.7)  LvWijkih= LvKjkih+ LvCjsi Hksh — 16_L(gjkRhi — gjhRki ).

By applying (1.3) on the M-projective curvature tensor Wjkin, Cartan's fourth curvature tensor

Kjkin and tensor jsi Hkh, then using the result equation (1.25) in (2.7), we get

(2.8) vmBmWjkih= vmBmKjkin , if and only if

(29) B(Cjs*Hrkn) =0.

Taking Berwald covariant derivative of fourth order for (2.8) with respect to x ,}, x4 and xs, using (1.25),
we get

(2.10) BsBqBiBnBmW jki h = BsBqBiBnBmK ki h.

Thus, we conclude

Theorem 2.3. In GBK - 5RFn, the Berwald covariant derivative of fifth order for M-projective curvature
tensor Wijkin and Cartan's fourth curvature tensor Kjki n are equal [provided (2.4) and (2.9)hold].

Using [(1.5)c] in (1.10) and using the result equation in (2.10), we get

(2.11) BsBqBiBnBmW ki h= asqinmKjkih ,

Let as assume k' n = Kjiki n, then above equation can be written as

(2.12) BsBqBiBnBmW ki h= asqinmWikih ,

Thus, we conclude

Corollary 2.1.In GBK - 5RF , the M-projective curvature tensor Wjkin behaves as fifth recurrentifit equals
Cartan's fourth curvature tensor Kjkin [provided (2.4) and(2.9) hold].

Using (2.4) in (2.7), we get

(2.13) LoWijkih= LvKjkih+ LvCjsi Hksh .

Using (1.3) and (1.25) in above equation , we get

(2.14) BmWiki h = BmKjki h + BmCjsi Hksh .

Multiplying above equation by y, using [(1.6)a], [(1.7)a] and [(1.8)c], we get

(2.15) B(Wijiiny/) = BmHkn .
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Taking Berwald covariant derivative of fourth order for (2.15) with respect to x», x!, x4 and s, we get
(216) BquBanB(iji hyj) = BsBqBiBnBmHkih.

Using (1.11) and [(1.5)c] in above equation, we get

(2.17) BquBanB(iji h_’yj) = asqinmHkin ,

Let as assume “jki ny/ = Hik'n , then above equation can be written as

(218) BquBanB(iji h_’yj) = asqlnm(iji hyj) ,

Thus, we conclude

Theorem 2.4. In GBK - 5RF , the tensor ( Wji ny/) behaves as fifth recurrent if it equals the h(v)-torsion
tensor Hklp.

Multiplying (2.16) by y, using [(1.6)a] and [(1.8)a], we get

(2.19) BsBqBiBnB(Wikihyjyk) = BsBqBiBnBmHhni. Using (1.12) in above equation, we get

(2.20) BsBqBiBnB(Wijkihyjyk) = asqinmHhi , if and only if

(2.21)  bsqin(6r F% - yiyn) = 0.

Let as assume ki ny/yk = Hpt , then equation (2.20) can be written as

(2.22)  BsBqBiBnB(Wijki hyjyk) = asqinm(Wiki hyjyk) ,

Thus, we conclude

Theorem 2.5. In GBK - 5RF , the tensor ( Wjki ny/yk) behaves as fifth recurrent if it equals the deviation
tensor Hn! [provided (2.21)holds].

Let the tensor gjrRk! is skew-symmetric in its two lower indices h and k, then the equation (2.1) can be
written as

(2.23) LvWijkin= LvRjkih—13_L(gjkRni) .

Using (1.3), (1.25) and (1.16) in above equation, we get

(2.24) BmWijkih=BmRjkih— 13- gjkBmRh . Using [(1.7)c] and [(1.9)b] in above equation, we get

(2.25) BmWijkih="BmRjkih— 13— gjk gjkBmRjkih .

Using [(1.5)c,b] in above equation, we get

(2.26) BmWiikin=(1-"_3) BmRjk'n.

Taking Berwald covariant derivative of fourth order for above equation with respect to x», ,, x7 and xs, we
get

(2.27) BsBqBiBnBmWijkih= (1 — n_3 )BsBqBiBnBmRjki h. Which can be written as

(2.28) BsB¢BiBnBm (Wijkin— (1 —"_3)jkin) = 0.

Thus, we conclude

Theorem 2.6. In GBK - 5RF , the Berwald covariant derivative of fifth order for the tensor (Wjkin- (1 -7
-3 )Rjkir) is vanishing if the tensor gjrRi! is skew-symmetric in its two lower indices h and k.

Now, using (1.17) in (2.1), we get

(2.29) LvRjkih—16_L(gjkRni— gjhRki)=0.

Multiplying above equation by y/, using (1.4), [(1.5)a] and [(1.7)a], we get

(2.30) LvHkih=16_L(ykRhi— yhRki) .
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Using (1.15), (1.3) and (1.25) in above equation, we get

(2.31) BmHkih=16_(ykBmRhi— yhBmRk ) .

Taking Berwald covariant derivative of fourth order for above equation with respect to

x™, x!, x4 and s, and using [(1.6)b], we get

(232) BsBqBiBnBmHkih = BsBqBiBnBm [ 16 (ythi - thki ) ] .

Thus, we conclude

Theorem 2.7. In GBK - 5RFn, the Berwald covariant derivative of fifth order for h(v) —torsion tensor Hkin
and the tensor [ 16 (ykRri - yrRk!) | are equal if the M-projective curvature tensor collineation along a vector
field vi(x) .

Using (1.3), (1.25), (1.16) and [(1.5)f] in (2.29), we get

(2.33) BmRjkih—16_-(0j ykBmRhi— 0j ynBmRk ) = 0.

Multiplying above equation by y/, using [(1.5)j], [(1.6)a] and [(1.7)a], we get

(2.34) BmHiin- te— (ykBmRri — ynBmRk ) = 0. Multiplying above equation by y, using [(1.8)b], we get
(2.35)  y[ 6 (yxBmRni-= ynBmRk')] = 0. Which can be written as

(2.36)  ykBmRni- ynBmRii=0.

Taking Berwald covariant derivative of fourth order for above equation with respect to

x™, x!, x4 and s, using [(1.6)b], we get

(2.37) BsBqBiBnB(ykRn) = BsBqBiBnBm(yrRK') .

Thus, we conclude

Theorem 2.8. In GBK - 5RFn», the Berwald covariant derivative of fifth order for the the tensor (yxRr) is
symmetric in its two lower indices h and k if the M-projective curvature tensor collineation along a vector
field vi(x).

In view of [Theorem 2.7] and [Theorem 2.8], we get

(2.38) BsBqBiBaxBmHiin=0.

Thus, we conclude

Corollary 2.2. In GBK - 5RFn, the Berwald covariant derivative of fifth order for h(v) —torsion tensor Hkin
is vanishing if the M-projective curvature tensor Wikl collineation along a vector field vi(x)[provided
(2.37)holds].

In view of [Theorem 2.1] and [Theorem 2.3], we get

(2.39) BquBanBijki h= BquBanBijki h,

Thus, we conclude

Corollary 2.3 In GBK - 5RFn, the Berwald covariant derivative of fifth order for the Cartan's third
curvature tensor Rjki» and the Cartan's fourth curvature tensor Kjki » are equal [provided

(2.4) and (2.9) hold].

3. Conclusions

This paper established new identities of the Lie derivative for the M-projective curvature tensor Wjkin in
generalized fifth-order recurrent Finsler spaces. The authors established conditions under which the
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Berwald covariant derivative of fifth order for the M-projective curvature tensor Wikl n, Cartan's third
curvature tensor Rjr‘ n and Cartan's fourth curvature tensor Kjki » are equal. We proved that the M-
projective curvature tensor Wijki, the tensors ki ny/ and Wik ny/yk behave as a fifth recurrent under specific
conditions. Also, we introduced relationships between some tensors when the M-projective curvature
tensor Jjk' n is collineation along a vector field vi(x). The Berwald covariant derivative of fifth order for the
subtraction two tensors is vanishing under certain condition has been obtained.

This study advances our understanding of the Lie derivative's role in generalized fifth-order recurrent
Finsler geometry, opening avenues for future research.
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