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Abstract:
In the early 1970s, seminal works by Hubbard and others introduced the Hubbard model, a
fundamental theoretical construct for understanding strongly correlated electron systems. This model
focuses on a nondegenerate electron band subjected to a local Coulomb interaction, encompassing only
two key parameters: the electron hopping matrix element (t) between neighboring lattice sites and the
on-site Coulomb repulsion (U) between electrons. The Hamiltonian of this model captures the essence
of this description. This paper traces the historical development of the Hubbard model, which was
named in honor of John Hubbard's pioneering contributions to its statistical mechanics analysis.
Interestingly, the concept of local Coulomb interaction was initially introduced by Anderson in the
context of impurity models in metals. Furthermore, it is essential to note that the Hubbard model is a
specific instance of the Shubin-Wonsowsky polaron model, which predates it by three decades and
extends the interaction to neighboring sites. The Hubbard model's simplicity, featuring only two terms
in its Hamiltonian—Kkinetic tunneling and on-site interaction—renders it an invaluable tool in solid-
state physics. It elegantly captures the transition from conducting to insulating states and
accommodates both fermionic and bosonic particles. This model's effectiveness in describing strongly
correlated electron systems has solidified its status as a cornerstone in condensed matter physics.

Keywords: Hubbard model, strongly correlated electron systems, condensed matter physics, local
Coulomb interaction, Shubin-Wonsowsky polaron model.

1. Introduction

In the early 1970s, three papers [1]-[3], where a simple model of a metal was proposed that has become
a fundamental model in the theory of strongly correlated electron systems, appeared almost
simultaneously and independently. In that model, a single nondegenerate electron band with a local
Coulomb interaction is considered. The model Hamiltonian contains only two parameters: the matrix
element ¢ of electron hopping from a lattice site to a neighboring site and the parameter U of the on-site
Coulomb repulsion of two electrons. In the secondary quantization representation, the Hamiltonian can be
written as

H=t my am* 5y Amy +U mam* 1 am,1am*,1am,l, (1)

where am*,y and amy denote Fermi operators of creation and annihilation of an electron with spin y on a
site m and the summation over r means summation over the nearest neighbors on the lattice.
The model proposed in [1]-[3] was called the Hubbard model after John Hubbard, who made a fundamental
contribution to studying the statistical mechanics of that system, although the local form of Coulomb
interaction was first introduced for an impurity model in a metal by Anderson [4]. We also recall that the
Hubbard model is a particular case of the Shubin-Wonsowsky polaron model [5], which had appeared 30
years before [1]-[3]. In the Shubin-Wonsowsky model, along with the on-site Coulomb interaction, the

Statistics and Mathematical Research Journal
Page32]|69


https://ethanpub.online/Journals/index.php/E32

Statistics and Mathematical Research Journal

ISSN: 2997-6898 |

Volume 10 Issue 3, July-September, 2022

Journal Homepage: https://ethanpub.online/Journals/index.php/E32

Official Journal of Ethan Publication

interaction of electrons on neighboring sites is also taken into account. The Hubbard model is an
approximation used in solid state physics to describe the transition between conducting and insulating
states. It is the simplest model describing particle interaction on a lattice. Its Hamiltonian contains only
two terms: the kinetic term corresponding to the tunneling (hopping) of particles between lattice sites and
a term corresponding to the on-site interaction. Particles can be fermions, as in Hubbard'’s original work,
and also bosons. The simplicity and sufficiency of Hamiltonian (1) have made the Hubbard model very
popular and effective for describing strongly correlated electron systems.

The Hubbard model well describes the behavior of particles in a periodic potential at sufficiently low
temperatures such that all particles are in the lower Bloch band and long-range interactions can be
neglected. If the interaction between particles on different sites is taken into account, then the model is
often called the extended Hubbard model. It was proposed for describing electrons in solids, and it remains
especially interesting since then for studying high-temperature superconductivity. Later, the extended
Hubbard model also found applications in describing the behavior of ultracold atoms in optical lattices. In
considering electrons in solids, the Hubbard model can be considered a sophisticated version of the model
of strongly bound electrons, involving only the electron hopping term in the Hamiltonian. In the case of
strong interactions, these two models can give essentially different results. The Hubbard model exactly
predicts the existence of so-called Mott insulators, where conductance is absent due to strong repulsion
between particles. The Hubbard model is based on the approximation of strongly coupled electrons. In the
strongcoupling approximation, electrons initially occupy orbitals in atoms (lattice sites) and then hop over
to other atoms, thus conducting the current. Mathematically, this is represented by the so-called hopping
integral. This process can be considered the physical phenomenon underlying the occurrence of electron
bands in crystal materials. But the interaction between electrons is not considered in more general band
theories. In addition to the hopping integral, which explains the conductance of the material, the Hubbard
model contains the so-called on-site repulsion, corresponding to the Coulomb repulsion between electrons.
This leads to a competition between the hopping integral, which depends on the mutual position of lattice
sites, and the on-site repulsion, which is independent of the atom positions. As a result, the Hubbard model
explains the metal-insulator transition in oxides of some transition metals. When such a material is heated,
the distance between nearest-neighbor sites increases, the hopping integral decreases, and on-site
repulsion becomes dominant.

The Hubbard model is currently one of the most extensively studied multielectron models of metals [6]-
[10]. Therefore, obtaining exact results for the spectrum and wave functions of the crystal described by the
Hubbard model is of great interest. The spectrum and wave functions of the system of two electrons in a
crystal described by the Hubbard Hamiltonian were studied in [6]. It is known that two-electron systems
can be in two states, triplet and singlet [6]-[10]. It was proved in [6] that the spectrum of the system
Hamiltonian H¢ in the triplet state is purely continuous and coincides with a segment
[m, M] = [24 — 4Bv, 24 + 4Bv), and the operator Hs of the system in the singlet state, in addition to the
continuous spectrum [m, M}, has a unique antibound state for some values of the quasimomentum. For the
antibound state, correlated motion of the electrons is realized under which the contribution of binary
states is large. Because the system is closed, the energy must remain constant and large. This prevents the
electrons from being separated by long distances. Next, an essential point is that bound states (sometimes
called scattering-type states) do not form below the continuous spectrum. This can be easily understood
because the interaction is repulsive. We note that a converse situation is realized for U<0: below the
continuous spectrum, there is a bound state (antibound states are absent) because the electrons are then
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attracted to one another. For the first band, the spectrum is independent of the parameter U of the on-site
Coulomb interaction of two electrons and corresponds to the energy of two noninteracting electrons, being
exactly equal to the triplet band. The second band is determined by Coulomb interaction to a much greater
degree: both the amplitudes and the energy of two electrons depend on U, and the band itself disappears
as U—0 and increases without bound as U—o0. The second band largely corresponds to a one-particle state,
namely, the motion of the doublet, i.e., two-electron bound states.

The spectrum and wave functions of the system of three electrons in a crystal described by the Hubbard
Hamiltonian were studied in [11]. In the three-electron systems are exists quartet state, and two type
doublet states. The quartet state corresponds to the free motion of three electrons over the lattice with the
basic functions gq,/; , = a} ;a7 a7 ¢, In the work [11] is proved that the essential spectrum of the system
in a quartet state consists of a single segment and the three-electron bound state or the three-electron
antibound state is absent. The doublet state corresponds to the basic functions '4,/% = af ;a a9, and

2qM2 =gt . a1y 9o 1f v=1and U>0, then the essential spectrum of the system of first doublet state

mmn,p
operator H 1% is exactly the union of three segments and the discrete spectrum of H{ consists of a single
point, i.e,, in the system exists unique antibound state. In the two-dimensional case, we have the analogous
results. In the three-dimensional case, or the essential spectrum of the system in the first doublet state
operator H 1¢ is the union of three segments and the discrete spectrum of operator H¢ consists of a single
point,
i.e,, in the system exists only one antibound state, or the essential spectrum of the system in the first doublet
state operator H 1% is the union of two segments and the discrete spectrum of the operator H 1% is empty,
or the essential spectrum of the system in the first doublet state operator H 1¢ is consists of a single
segment, and discrete spectrum is empty, i.e., in the system the antibound state is absent. In the one-
dimensional case, the essential spectrum of the operator A¢ of second doublet state is the union of three
segments, and the discrete spectrum of operator H 2¢ consists of no more than one point. In the two-
dimensional case, we have analogous results. In the three-dimensional case, or the essential spectrum of
the system in the second doublet state operator H 2¢ is the union of three segments and the discrete
spectrum of operator H 2¢ consists of no more than one point, i.e., in the system exists no more than one
antibound state, or the essential spectrum of the system in the second doublet state operator H 2¢ is the
union of two segments and the discrete spectrum of the operator H 2% is empty, or the essential spectrum
of the system in the second doublet state operator H 29 is consists of a single segment, and discrete
spectrum is empty, i.e., in the system the antibound state is absent.
The spectrum of the energy operator of system of four electrons in a crystal described by the Hubbard
Hamiltonian in the triplet state were studied in [12]. In the four-electron systems are exists quintet state,
and three type triplet states, and two type singlet states. The triplet state corresponds to the basic functions
1t71n,n.p,r = a;;,TarT,Ta;,Ta:,l(POs Ztr}n.n.p,r =
A 1@ @1 @o, Ptk = anran atiatipg. Ifv=1 and U>0, then the essential spectrum of the system first
triplet state operator 'A!is exactly the union of two segments and the discrete spectrum of operator 'H/
is empty. In the two-dimensional case, we have the analogous results. In the three-dimensional case, the
essential spectrum of the system first triplet-state operator 1H ¢! is the union of two segment and the
discrete spectrum of operator 1H ¢ is empty, or the essential spectrum of the system first triplet-state
operator 1H ¢! is single segment and the discrete spectrum of operator 1H ¢! is empty. If v=1 and U>0, then
the essential spectrum of the system second triplet state operator 2H ¢! is exactly the union of three
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segments and the discrete spectrum of operator 2H ¢! is consists no more than one point. In the two-
dimensional case, we have the analogous results. In the three-dimensional case, the essential spectrum of
the system second triplet-state operator ?f! is the union of three segments and the discrete spectrum of
the operator “f} is consists no more than one point, or the essential spectrum of the system second triplet-
state operator “f} is the union of two segments and the discrete spectrum of the system second triplet state
operator 2H ¢ is empty, or the essential spectrum of the system second triplet-state operator 2H ¢! is
consists of single segment and the discrete spectrum of the operator 2H ¢! is empty. If v=1 and U>0, the
essential spectrum of the system third triplet-state operator 3H ¢1 is exactly the union of three segments
and the discrete spectrum of the operator 3H ¢! is consists no more than one point. In two-dimensional
case, we have analogous results. In the three-dimensional case, the essential spectrum of the system third
triplet-state operator 3H ¢! is the union of three segments, and the discrete spectrum of the operator 3§ is
consists no more than one point or the essential spectrum of the system third triplet-state operator 3f! is
the union of two segments, and the discrete spectrum of the operator *H} is empty, or the essential
spectrum of the system third triplet-state operator 3H ¢! is consists of single segment, and the discrete
spectrum of the operator 3H ¢! is empty. We see that there are three triplet states, and they have different
origins.

The spectrum of the energy operator of four-electron systems in the Hubbard model in the quintet, and
singlet states were studied in [13]. The quintet state corresponds to the free motion of four electrons over
the lattice with the basic functions

Qosnpr = Q110 10Ty - In the work [13] proved, that the spectrum of the system in a quintet state is

purely continuous and coincides with the segment [44 — 8Bv, 44 + 8Bv], and the four-electron bound states
or the four-electron antibound states is absent. The singlet state corresponds to the basic functions

s are = Qiragiatial @0, s ... = atial afiat @o and these two singlet states have different origins.

If v=1 and U>0, then the essential spectrum of the system of first singlet-state operator ! 77 is exactly the
union of three segments and the discrete spectrum of the operator 1H 45 is consists only one point. In the
two-dimensional case, we have the analogous results. In the three-dimensional case, the essential spectrum
of the system first singlet-state operator 1H 4S5 is the union of three segments and the discrete spectrum of
the operator 'Hjis consists only one point, or the essential spectrum of the system of first singlet-state
operator 1H 45 is the union of two segment and the discrete spectrum of the operator 1H 45 is empty, or the
essential spectrum of the system of first singlet-state operator 1H 45 is consists of single segment and the
discrete spectrum of operator 7 is empty.

If v=1 and U>0, then the essential spectrum of the system of second singlet-state operator 2f7; is exactly
the union of three segments and the discrete spectrum of operator 2H 45 is consists only one point. In two-
dimensional case, we have the analogous results. In the three-dimensional case, the essential spectrum of
the system second singlet-state operator 2H 45 is the union of three segments and the discrete spectrum of
the operator *H; is consists only one point, or the essential spectrum of the system of second singlet-state
operator 2H 45 is the union of two segment and the discrete spectrum of the operator 2H 45 is empty, or the
essential spectrum of the system of second singlet-state operator 2H 45 is consists of single segment and the
discrete spectrum of operator 2F; is empty.
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Here, we consider the energy operator of five-electron systems in the Hubbard model and describe the
structure of the essential spectra and discrete spectrum of the system for sextet and first, second, third
quartet states.

The Hamiltonian of the chosen model has the form

H=AYmy @Gy my + By Gy iy + U X Gl G105l G 1 (2) Here H is the electron energy at a
lattice site, g is the transfer integral between neighboring sites (we assume that B>0 for convenience),
T=%¢j, j=1,2,...,v, where ej are unit mutually orthogonal vectors, which means that summation is taken over
the nearest neighbors, U is the parameter of the on-site Coulomb interaction of two electrons, y is the spin
index, y=T or y=|, 1 and | denote the spin values %and - %, and am* y and amy are the respective electron
creation and annihilation

operators at a site meZv.

In the five-electron systems exists sextet state, four type quartet states, and five type doublet states. The
energy of the system depends on its total spin s. Along with the Hamiltonian, the Ne electron system is
characterized by the total spin s, s =5 — 1, e, Sonin» Smax = %'Smin = 0,%. Hamiltonian (2) commutes

max » Smax
with all components of the total spin operator $S=(5+5-,5%), and the structure of eigenfunctions and
eigenvalues of the system therefore depends on S. The Hamiltonian # acts in the antisymmetric Fo'ck
space H as. Below we give the constructions of the Fo'ck space F(#). Let ¥ be a Hilbert space and denote
by H " the n- fold tensor product H "=H QH QH ®

QI . WesetH 0=C and F(# ) = @3-, The F(3{ )is called the Fo'ck space over 7 ; it will be
separably, if 47 is. For example, if 5 = L,(R), then an element F(97)is a sequence of functions =

(o, 01 (x1), 2 (x1, x2), Y3 (1, X2, X3), ..o SO that [Wol?® + Y=t [ (x1, X3, e, X, ) |* dXy dix, . dix,, < 00

Actually, it is not F(J"{ ), itself, but two of its subspaces which are used most frequently in quantum field
theory. These two subspaces are constructed as follows: Let P» be the permutation group on n elements,
and let i be a basis for space H . For each geP», we define an operator (which we also denote by o) on
basis elements H' " by

o(pr1 @Pie®...Q¢k,) = Pi,\, ® Pr,,, ® .. ® @i - The operator ¢ extends by linearity to a bounded
operator

(of norm one) on space E *, so we can define 5§ = %Em),, o- That the operator S» is the operator of
orthogonal projection:S? = §,, and S;; = S,.. The range of S»is called n- fold symmetric tensor product of
. In the case,

where H =L2(R) and A" = L,(R) ® L,(R) ® ... ® L,(R) = L,(R"), Sn(H ™) is just the subspace of L, (r™),

of all functions, left invariant under any permutation of the variables. We now define F.() = @%_,S, (3{™).
The space Fs(H ) is called the symmetrical Fo'ck space over ', or Boson Fo'ck space over K .

Let (.) is function from P» to {1,—1}, which is one on even permutations and minus one on odd
permutations.
Define 4, =-¥, ., (o)o;thenAnis an orthogonal projector on #". 4, (#™")is called the n- fold

n! n

antisymmetrical tensor product of 7. In the case, where # = L,(R), An(3 ") is just the subspace of L2(R"),
consisting of those functions odd under interchange of two coordinates. The subspace F, (77) = &7_,4, (™)

is called the antisymmetrical Fo'ck space over / or the Fermion Fo'ck space over H .
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2. Sextet state
Let @o be the vacuum vector in the space #,,. The sextet state corresponds to the free motion of five
electrons over the lattice with the basic functions s’/* a,ragra1aa79,. The subspace Hssy,

p.qr.tleZ? =

corresponding to the sextet state is the set of all vectors of the form
V= Yparcicz 4.1t l)s e ariiezr TEES where [2%5 is the subspace of antisymmetric functions in the
space [, ((Z2¥)°).

Theorem 1. The subspace HsS/2 is invariant under the operator H, and the restriction HsS/2 of operator H
to the subspace Hss2 is a bounded self-adjoint operator. It generates a bounded self-adjoint operator H 55/2
acting in the space 2% as
H s, =5Af(p,q.r t, D+ BY[flp+t.qrt, D+ f(p.q+ T t, D+ f(pqr+1,t0) +
fo.qrt+tl+fp,qrtl+t. (3)
The operator HsS/2 acts on a vector Ys®/2€Hs%/2 as Hs )i 1 = ¥y g riiezy (He 2 /) (0, 4.7, 8, Ds 5[] e

(4

Proof. We act with the Hamiltonian H on vectors ys5/2¢Hs5/2 using the standard anticommutation
relations  between electron creation and annihilation operators at lattice  sites,
{@myr @t 3} = 6mnbypr {Amy-anpi=ian, aF ;3 = 6, and also take into account that amy @o=60, where 6 is the
zero element of H's5/2. This yields the statement of the theorem.

Lemma 1. The spectra of the operators HsS;2 and H 55,2 coincide.

Proof. Because the operators Hs%/2 and H 55,2 are bounded self-adjoint operators, it follows that if

e (HiS ),

2 then the Weyl criterion (see [14], chapter VII, paragraph 3, pp. 262-263) implies that there is a sequence
{n}°n=1 such that ||y, || = 1and lim,_|| (H§ - A) .|| =0.Weset y = Yoariifo @18, l)a;,Ta;,Ta:Ta::Ta:T(pO

Then|| (2 - 2) ¢ lI* = ((Hs‘—ﬂ)wn.(Hs‘ —A)wn) Spara| (7 =) fart
2 2 2
x (ay1a41a, 1010190, ay 10510, 1af Tanfpn) =
2
|(__7 —A)F (p.q,7.t, l)|

-3

p.a.ritl

qurll

X (@1ac1ar1041ap, TapTaqTar 1414190, Po) =

(®o, o) =

|(H§ - /1) E.(p.q.7.t, l)|
2

= Yparil ‘(H_S - A) E,(p,q,7.t, i)” — 0as n—oo, where F, =3, , ... f (@, q.7.t, ). It follows that

2ea(H: ;). Consequently, o ( ) co (HS) Conversely, let 1 € ¢ (ﬁj) Then, by the Weyl criterion, there is a
2

F

sequence {F,}2_, such that||E,|| = 1and lim, .|| (H_‘ - /1) Y|l = 0.Setting £, =%, ... fu(P.q,7. 6, 1)
2
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IFl] = (pgred [ prq, &, D)2 we conclude that [y, 1] = [IF,I| = 1and || (# - 7) £,[| = || (# -
2 2
AYn||—=0 as n—oo. This means that A€g(H52s) and hence cH52scoH52s. These two relations imply

o (HE) _p (H:)

We call the operator Hs' the five-electron sextet state operator.
2

Let F:1,((Z")°) -» L,((T")®) = #: Dbe the Fourier transform, where T is the v- dimensional torus endowed
2

with the normalized Lebesgue measure d4, i.e. A(T") = 1. We set H¢,, = FHE,,F~". In the quasimomentum

representation, the operator H s5/2 acts in the Hilbert space L2:5((TV)) where L%s is the subspace of

antisymmetric functions in L, ((T")").

Theorem 2. The Fourier transform of operator H 55/2 is an operator ﬁglz = FFI;,ZF‘l acting in the space
Hs  be the formula H: ;5 = h(,1,y,0,0)f (4,1, v,6,1), (5) where
2

2
h(A, u,y,0,m) =54+ 2B Y, _[cosA; + cosy; + cosy; + cos8; + cosn;]-
The proof Theorem 2, is straightforward of (3) using the Fourier transformation.
It is obvious that the spectrum of operator A, is purely continuous and coincides with the value set of

the function h(A,u,v,6,n), ie., a(ﬁg) = Cont (ﬁg) = [5A — 10Bv,5A4 + 10Bv]. Therefore, the sextet state
2 2

spectrum is independent of the Coulomb interaction parameter U and is the set of energies of five
noninteracting electrons moving in the crystal. This result is totally natural because the sextet state cannot
contain states with two electrons at a site. Hence, in the sextet state, the spectrum of five-electron systems
can be evaluated exactly and is purely continuous. The spectral problem that we consider here is a
particular case of the problem of finding the spectrum of a system of N noninteracting electrons in a crystal
lattice.

By Hund's rule, the minimum-energy state in an N- electron system is the state where all spins are directed
upward, i.e., the state TT---T. By the Pauli exclusion principle, this state cannot contain states with two
electrons at one site. In this case, the spectrum of the system is independent of the Coulomb interaction
parameter ¢ and is the band energy of

N noninteracting electrons moving in the crystal. The spectrum of the system is then purely continuous.

3. First quartet state
1_3/2 —
mmnrtleZV =
In the system exists four type quartet states. The quartet state corresponds to the basic functions
2 3/2 3 _3/2
a':'r'l,l azﬂ a;r,TatJr.TaIT(PO’ qu/,n,r,t,lez" ;qm/,n,r,t,lez"
4 3/2
qm,n,r,t,iEZ"
The subspace 1H 34/2, corresponding to the first five-electron quartet state is the set of all vectors of the
form 134/2 =
1.3/2

Tmnrciez funr, ) g . f €155, where [29 is the subspace of antisymmetric functions in the

R S P S I S P
= Oy 1Ay 1A 10 1 A1 P = Oy 1Ay 1Ay 1 A 1A 1P o0

R I P S
= Qo 1Ay 1A 18y A 1 Por

space I,((z*)*). The restriction 'H34/2 of i to the subspace '#,, is called the five-electron first quartet
state operator.
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Theorem 3. The subspace 1??:?/2 is invariant under the operator y, and the operator H3i. is a

bounded self adjoint operator. It generates a bounded self adjoint operator lﬁg P acting in the space 2% as

1 1
Hy , ¥i,=5Af(mnr,t, D +BY.[f(m+tnrt)+fmn+trt,D+f(mnr+t,)+f(mnrt +/ /
tl+fmnrtl+t+U[dmn+dmr+dmt+dm,llfmnr,t,L (6)

The operator 1H3%/2 acts on a vector 1342 € 1H 392 as
1H;g/2 ! ;:I/z = Zm,n,r,t,lezv( lf_{:‘j/zf) (mr nr,t, l) 1'#3 (7)
2

Proof. The proof of Theorem 3 is analogous to proof of Theorem 1.
Weset g = F 1E§/2F‘1- In the quasimomentum representation, the operator 1H 3¢ acts in the Hilbert space

2 2
L5 ((TV)°) as
YHY i = {54+ 2B ¥}_,[cosA; + cosp; + cosy; + cosb; + cosn;]} X

2 2
X Gy 0 +U [[F5.A+u= 57,00+ fGnA+y = 5.6, +

T

+f(s,my, A+ 0 —s1m)+ f(s,1,y,6,4+1—s)]ds, (8)

where L225((T)®) is the subspace of antisymmetric functions in L,((T")*).  Taking into account that the
function f(A,u1,y,0,1) is antisymmetric, and using tensor products of Hilbert spaces and tensor products of
operators in Hilbert spaces [15], we can verify that the operator 1H 39 can be represented in the form

HI W =H A @IQI+IQHy.0) @1+ I®IQBG,  (9)

2 2
where (H}f)(A, 1) = {24+ 2B ¥} —1(cos A; + cos u)}f (A, p) + U [, f(s, A+ u = s)ds, (A21)(y,0) = 24 +
2B ¥y—q(cosy; + cos 0} (v, 0) + U [, f(s,A + 0 — 5)ds, (H ) = {A+ 2B 35 cosn}f(A,n) —
-U fT,, f(s,A+y—s)ds—U fTV f(s,A+n—s)ds, and | is the unit operator.

The spectrum of the operator AQI+I®B, where A and B are densely defined bounded linear
operators, was studied in [16-18]. Explicit formulas were given there that express the essential spectrum
Oess (AQI+IQB) and discrete spectrum odisc (AQI+IQ B) of operator AQI+IQB in terms of the spectrum
0(A) and the discrete spectrum odisc (4) of A and in terms of the spectrum ¢(B) and the discrete spectrum
Odisc (B) of B:
odisc | A@I+1® B) = {0(A) \ 5 (A) + 0(B) \ 0,55 (B)}\ {0055 (A) + 0(B)) U(a(A) + 0,5 (B))},

(10)

Tess (A @ [ +1 @ B) = (0u55 (A) + 0(B)) U(0(4) + 0,55 (B))- (11)

Itisclearthats(A@QI+1® B) = {1+ w2 € 6(A),u € a(B)}.

Consequently, we must investigate the spectrum of the operators H 2!, H 22, and H 23. Let the total

quasimomentum of the two-electron system A+u=A41 be fixed. We let L2(I'a1) denote the space of functions
that are square integrable on the manifold T, = {(1, u): 2+ u = A;}. It is known [19] that the operator H 2!

and the space #}=1,((T")?) can be decomposed into a direct integral i} = @/, H%AldAl,
Hy = @/ 734, dA; of operators H 2141 and spaces
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H 2141 =L2(Ta1) such that the spaces H 2141 are invariant under the operators H 2! and each operator H 21
acts in H 2141

according to the formula (i}, f,)(A) = {2A+4B ¥ _, cos"?{lcos("?a =AM, D +U [, fy, (s)ds,
where £, (x)=f(x, A; — x).

It is known that the continuous spectrum of H 2!41 is independent of the parameter ¢ and consists of
the intervals

Geont (Abs,) = GX, = [m¥,, My, ] = [24 — 4B T3, cos™, 24 + 4B T}, cos 1], -
2

Definition 1. The eigenfunction @a1 €EL2(TV xTV) of the operator ), corresponding to an eigenvalue
75, € G, is called a bound state (BS) (antibound state (ABS)) of H 2! with the quasi momentum A1 and the
quantity za1 is called the energy of this state.

We consider the operator Ka1 acting the space H 2141 according to the formula

U
(Kf\l(z) f;’\l)(x) = J-Tv AL Al fAl (t)dt'
2A+4B Yy cos Tlcus (Tl—t,)—z

It is a completely continuous operator in ﬂ‘zlﬂl for zy, € G} =[2A — 4B ¥, cos"?ﬁ, 2A+4BYY_, cos "2_5].

dsqids;..ds,
Weset Dy, z =1+U e
_ . 24+4B Y L&y
n=1cosz2 cosz2 —-i-z

Lemma 2. A number z; G} is an eigenvalue of the operator H 2'a1 if and only if it is a zero of the
function py (z) i.e, D} (z,) = 0.
Proof. Let the number z, € G}, be an eigenvalue of the operator f}, , and @41(x) be the corresponding

eigenfunction, i.e, {24 + 4B }};_; (:05;/[2—3(:05(':2;1 = A} @a, D+UJ, @4, (s)ds = ZoPa, ().
Let Yu,(x) =[2A+ 4B ¥}, cos%’lcos(%Il - A )-z] ©4,(x) - Then

1
Yp, ) +US,

 — Py, (s)ds = 0, i.e., the number u=1 is an eigenvalue of the operator
2A+4B XY, L‘()STI cos (Tl—si)—z

Ka1(z). It then follows that D} (zy) = 0. Now let z=zo be a zero of the function D} (z), i.e, D} (z,) = 0. It

follows from the Fredholm theorem than the homogeneous equation

Y, () +U [, L " Y4, (s)ds = 0 has a nontrivial solution. This means that the number z=zo

. A 1
2A+4B %Y, cos - cos (5-—s;) -z

is an eigenvalue of the operator H 2!
We consider the one-dimensional case.
Theorem 4. a). At v=1 and U<0, and for all values of parameters of the Hamiltonian, the operator H

21a1 has aunique eigenvalue z; = 24 — \/Uz + 16B%cos? %, that is below the continuous spectrum of Hj, , i.e,,

z; < mj -

b). At v=1 and U>0, and for all values of parameters of the Hamiltonian, the operator H 21a1 has a

unique eigenvaluez, = 24 + \/UZ + 16B%cos? % that is above the continuous spectrum of H 2'a1, i.e., 7, > M},

Proof. If U<0, then in the one-dimensional case, the function D} (2) decreases monotonically outside
the continuous spectrum domain of the operator H 2%a1, ie, in the intervals (-co,m}) and
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(Mjl,+oo)_ For z < mil, the function D} (2) decreases from 1 to —oo, DX (z) » 1 as z = —o, D} (z)—» —oo, S

z-mal1 -0.

Therefore, below the  value maly, the function Dy (2) has a single zero
at the  point

z=2z =24~ \/UZ + 16B%cos? ’12—1 <my . Forz> M}, and U<0, the function D} (z) decreases from +co

to 1, Dj (z) = 4+, as z— Mj, +0, Dj (z) =1 as z— +ow.Therefore, above the value M}, the function

Dil (z) cannot vanish. If U>0, and z<mali, the function DI{I (z) increases from1 to +oo, Dkl (z) » 1 as
z - —o, Dj (z) -+ as z - my, — 0. Therefore, below the value ma'1, the function D; (z) cannot vanish.
Forz > M} and U >0, the function p} (z) increases from -co to 1, p} (z) » 1 asz - +w, D} (2) -

—o as z - Mj +0. Therefore, above the value p}, the function p} (z) vanishes on a single point z=z1 =

24+ JUZ + 16B%cos? % In the two-dimensional case, we have analogous results. If U<0, then the function

D} (2) decreases monotonically outside the continuous spectrum domain of the operator H 21a1. For
7z < mﬁl the function D,%] (z) decreases from 1 to —oo, Df\’l (z) > 1 as z = —oo, Dfl(z) S —00 as z o mi —0.
Therefore, below the value mj3, the function D (z) has a single zero at the point z; <mj. If U<0, and
z>M 21, then the function D"%l (z) decreases from +oo to 1. Therefore, above the value Mf%l the function Dfl (2)
cannot vanish.

For U>0, and z < mj}, the function D (z) increases from1 to +, Df (z) = 1 as z > —c0, D} (2) -

+co0 as z - mj, — 0. Therefore, below the valuemj1 the function D,%l (z) cannot vanish. For U>0, and z>M 421,

the function Df (z) increases from -co to 1, p? (z) -1 asz - +w, Df (z) » —o as z=>Ma*1+0.

Therefore, above the value Mﬁl the function Dﬁl (z) has a single zero at
. ~ 2 d51d52 d53

the point z; > Mj. =537

We consider three-dimensional case. Hirreos(t 5y Denote m.
i=1 2 2 71

For U<0, and v < —22 below the continuous spectrum of the operator H 241 the function pj (z) hasa
single zero at the point z1 <m/131 ForU<0, and< -2 <y <o , below of the
continuous spectrum of the operator H 21a1, the function = dsydsp ds; D} (2) cannot

- A G
vanish. We now denote M. For U>0, and

i=1C0S 2 -Cc0S 2 —Si
U> %, above the continuous spectrum of the operator H 21a1 the function D‘;?l (z) has a single zero at the

point
z"1>Mjl. For U>0, ando < U < ‘L—B, above the continuous spectrum of the operator H%Al the function Dﬁl (2)
cannot vanish.
Consequently, we have the following theorern
Theorem 5. a). If v=3 and U <0, U < —=, then the operator H}, hasa unique eigenvalue

71, the below of the continuous spectrum ofoperator Hip,ie, z<mj.
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b).If v=3 and U <0, —A;n—B < U < 0, then the operator H 2141 has no eigenvalue the below of the continuous
spectrum of operator f}, .

c) If v=3 and U>0,U > %, then the operator H 2141 has a unique eigenvalue z1, the above of the
continuous spectrum of operator H} A e, 2> Mgl.

d).Ifv=3 and U>0,0<U < %, then the operator H 2141 has no eigenvalue the above of the continuous

spectrum of operator H 2141.
We let A2=y+0. We now investigated the spectrum of the operator H 2242, i.e., the operator

_ o A A
1 fy 1) = 24448 ) cos 5 cos( =YY ) +U [ n@as.
n= TV

It is known that the continuous spectrum of the operator H 2242 is
independent of U and coincides with the segment
Ocont (BB, = G, =, M3, ] =[2A-

4BYY_, cos /12—12,2A+4-BZ}’=?L cos A?lz]

Comparing the actions of operators H 2141 and H 2242, we show that the operators H 2242 and H 2242
are the identical operators. Therefore, the spectra of these operators coincide. It is necessary only
exchange A1 on A2. Welet z2 and z 2 denote the eigenvalues of operator H 2242.

Let A3=A+n. We now investigated the spectra of operator 73 .

(3, fa) () = {A+ 2B X} cos(A3 — 1), (D) — 2U [, fy,(s) dis-
It is known that the continuous spectrum of the operator A}, is independent of U and coincides with
the segment g, (H3) = G, = [m},, M} | = [A— 2Bv,A + 2Bv]

Denote pv =1 — o '
Dj; =1 2UfTVA+21f2¥=1605(ﬂ‘3‘5f)‘”

The analogue of the Lemma 2 holds for the in this case. We consider the one-dimensional case.
Theorem 6. a). At v=1 and U<O0, and for all values of parameters of the Hamiltonian, the operator
H3, has a unique eigenvalue 3, -4+ JUZ + BZ, that is above the continuous spectrum of Hj, ie.,
Z3 > Mj.
b). At v=1 and U>0, and for all values of parameters of the Hamiltonian, the operator {} has a unique

eigenvalue z, = A —\U? + B, that is below the continuous spectrum of ﬁ/-?g, Le, z, < mﬁz.
3dxdydz

. . . . 1
We consider three-dimensional case, and the Watson integral W =— [* [* [f ——————— ~ 1,516(see.
m .&—COSX —CﬂSy —CO0SZ
[20]).
Because the measure v is normalized, therefore [  _ 3&ddz __ _ W,
T2 3—cosx —cosy —cosz 3

Theorem 7.a). Atv=3, U<0, and y < _%, then the operator ng has a unique eigenvalue z 3,
that is above the continuous spectrum of Hgg, Le, 7, > Mjs_ If U<o0, and —% < U <0, then the operator ng
has no eigenvalue, that is above the continuous spectrum of ﬁ33.

b). At v=3, U>0, and y > %, then the operator fi; has a unique eigenvalue z3 that is below the
continuous spectrum of ﬁji Le, z; < mj3. If U>0, and0 < U < %, then the operator H/'f3 has no eigenvalue,
that is below the continuous spectrum of Hj.
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We now using the obtaining results and the representation (9), we can describe the structure of essential
spectrum and discrete spectrum of the operator of first five-electron quartet state:

Theorem 8. At v=1 and U<0, the essential spectrum of the system first five-electron quartet state
operator 1H 34/ is exactly the union of seven segments: g, ( 1ﬁ§) =la+c+eb+d+flulat+c+z;,b+d+

2
z3Ufate+z2 b+ f+22]Ufat 224236422423 |Uct+e+z1,d+/Fz1Uc+z1+23,d+z1+z3Ve+z1+z22, f+z1+22 . The

discrete spectrum of operator 'f! |, COnsists of no more than one point: gy, ( 'Y ) ={zy + 2z, + 23}, or
2

adisc( lﬁf) =0. . )
2 a=24-— 4Bcos— b=24+ 4Bc057, c= 24— 4Bcos?, d=2A+ 4Bc0572, e=A—-2B
Here and hereafter ,

f=A+2B, zl=2A—\/U2+1682c052%, zzzzA—JU2+1632c052"2—2, 73 = A+ 2VUZ + BZ.

Proof. If v=1 and U<0, then the continuous spectrum of the operator H 2141 consists of the interval
Ocont (H34,) = [a,b] = [24 — 4Bcos— 24 + 4Bcos ], and the discrete spectrum of operator f}, consists ofa

single eigenvalue z, = 24 — \/ U? + 16B?%cos? 7‘ The continuous spectrum of the operator H 2242 consists of

the interval g, (A3,,) = [c,d] =[2A—4Bcos%, 2A + 4Bcos ”;—2], and the discrete spectrum of operator H 2%a2

consists of a single eigenvalue z; = 24 — \/Uz + 168%052’;—2, The continuous spectrum of the operator H,

consists of the interval a,,,, (H},) = [e,f] = {A—2B,A+2B], and the discrete spectrum of operator H}
consists of a single eigenvalue z, =4++UZ+B2 . It follows from representation (9) that

a( 1ﬁf) = {A+u+y:l€a(ﬁ§m),u €
2

oH2A22,yecHA33. Therefore, the essential spectrum of the system first five-electron doublet state
operator

1H 34 consists of the union of seven segments: [a+c+e,b+d+f], and [a+c+z 3,b+d+Zz 3], and [a+e+z2,b+f+22],
and

2
[atz,+Z3.btz,+Z5], and [c+e+z1,d+f+21], and [c+z1+Z 3,d+z1+Z 3], and [e+2z1 +Z 3,f+Z1+Z 3], and the number z1+z2
+

z 3 is the eigenvalue of this operator (the antibound state energy). If z,+z, + Z; € g, ( 177 ) then the
2

number z1+z2 +z 3 lie in the discrete spectrum of operator ‘A, if z,+z, + Z; € 0., ( A ) then discrete
z z

)=e.

The following theorem is proved totally similarly to Theorem 8.
Theorem 9. At v=1 and U>0 the essential spectrum of the system first five-electron quartet state
operator 1Hj is exactly the union of seven segments: g, ( A ) =la+c+eb+d+flUla+c+z3,b+d+

spectrum of

~

operator 'A{ is empty, i.e. g, ( 2
B

bt~

]

z3Ua+e+zZ Db+ f+220 At 22423 b+22+23]Ufc+e+21, a’+f+ZI]U€+ZI +23,d+z14+23Ufe+z1+22, f+2z1+22].
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The discrete spectrum of operator 'fj{ is consists of no more than one point: g, ( 1H§’) ={z +2,+z3h0r

2
Odisc ( lﬁg) = Q.
2

Here #, = 24 + JUZ +16B%cos2 =L, 2, =24+ JUZ +16B%cos? 2, z; = A—2VU? + BZ.

In the two-dimensional case we have the analogous results. We now consider the three-dimensional
case. Letv=3:  Theorem 10. The following statements hold:
a). Letv=3andU <0, U< —1—3, m < %W, or U<0, U< —%, m > %W. Then the essential spectrum of the
system first five-electron quartet state operator H 34 is the union of seven segments:
Opss ( 1175’) =la+c+eb+

z 2
d+fua+tctz3,b+d+z3Ufat+e+22,b+f+22]Ua+z2+423,b+22423U[c+e+2z1,A++ 21 Juc+2z1+23,d+21+23Ve+2
1+z2,f+z1+z2. The discrete spectrum of operator 1H32q is consists of no more than one point:

G—disc ( lﬁg) = {Zl + ZZ + fB}l or O-d.iSC ( 11:7;) = 0.
2 z

Here,a = 24— 4B YL cos’l, b=24+4BY}, cos, c= 24— 4B¥L, cos’2, d =24+
4B Y3 cos ’12—3 e=A—-6B, f=A+6B,and z1 is an eigenvalue of operator H 2141, and z: is an eigenvalue
of operator H 2241, and z3 is an eigenvalue of operator "3
b). Let v=3, U <0, —% <sU< —%, and m > %W. Then the essential spectrum of the system first five-

electron quartet state operator 'H; is the union of four segments: oy, ( 1ﬁf) =la+c+eb+d+f]u

2 2
late+zy,b+f+z]Ulc+e+z,d+f+z]Ule+z +2z,f+z +2,]. Thediscrete spectrum of the
operator 'A{ is empty: g ;. ( 1Fi;?) = Q.

2 2
c).Letv=3, U<o0, -Z<U< —%, and m < %W. Then the essential spectrum of the system first five-
m

electron quartet state operator 'A{ is the union of two segments: g;,, ( ‘A ) =la+c+eb+d+flu
2 z

2
[a + ¢+ 23,b + d + 7;]. The discrete spectrum of the operator 'H; is empty: o, ( 1ﬁ§) = 0.
2 2

d).Let v=3, U <0, ¥ epy<oandm> %W, or —% <U<0, andm < gW. Then the essential spectrum

m

of the system first five-electron quartet

state operator 'HY is consists of single segment: g, ( IH'E‘*) =[la+c+eb+d+f], and the discrete
2 2

spectrum of the operator 'A7 is empty: oy, ( lﬁg) = 0.
2 2

Theorem 11. The following statements hold:
a). Let v=3, U>0, and v > %, M < %W, or U>0, andvu > %, M > %W. Then the essential spectrum of

the system first five-electron quartet state operator lﬁf is the union of seven segments: g, ( 1ﬁ§ ) =
2 2

[a+c+eb+d+flula+c+zy,b+d+zz]u[are+ Z,,b+f+Z ula+Z, +2z3,b+ 2, +2z3]Uc+e+
Z,d+f+2]Ulc+2 +2z5,d +7Z +2z3)U e+ 2 + 2, f + # + 2, The discrete spectrum of the operator ' F¢

2
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is consists of no more one point: g, ( 1H’§’) ={z + 2, + 23} or

1~
Odisc ( Hg) =0
2
Here, z1 is an eigenvalue of the operator H 2141, and z 2 is an eigenvalue of the operator H 2241, and

z3, is an eigenvalue of the operatorfj..

b).Letv=3, U >0, % <U< %, and M > EW. Then the essential spectrum of the system first five-electron

quartet state operator 1H 3¢ is the union of four segments: g, ( 11?3") =lat+c+eb+d+flulate+Z,b+
z

f-f-ZZUf-/-e'-f'-ZLd-f-f-/-gjijg-/-g] +22,/+z1+z2 The discrete spectrum of the operator 1H32q is empty:
179 ) —
Odisc ( Hi) = Q.

2 -
c).Let v=3, U >0, % U< %, and M < %W. Then the essential spectrum of the system first five-electron

quartet state operator 1g4 is the union of two segments:
B

aess(1ﬁ§)= [a+c+eb+d+flulat+c+zy,b+d+
z3. The 2discrete spectrum of the operator 1H32q is empty:
Odisc ( 1175") =0
d). Lzet Let v=3U >0, 0<U< %, , and M < %W- Then the essential spectrum of the system first five-

electron quartet state operator 'f{ is consists of single segment: g,_, ( lﬁ;?) =[a+c+eb+d+f) andthe
2 2

2
discrete spectrum of the operator ' is empty: o, ( lﬁg’) = Q.
2 2

Let v=3 and 4, = (49,49,49), and 4, = (49, 43, A9).
It is known that the continuous H}, spectrum of is independent of yand coincides
0

0

with the segment
Ocont (H34,) = G, = |24 — 12Bcos =L, 24 + 12Bcos L],

Theorem 12. a). At v=3 and U<0 and the total quasimomentum A1 of the system have the form
0

. Aq
. . . 12Bcos— .
Ay = (A9, 49, A9). Then the operator H 241 has a unique eigenvalue z11, if U < — :;5 Z, that is below the

continuous spectrum of operator H 2141. Otherwise, the operator H 2141 has no eigenvalue, that is below
the continuous spectrum of operator H 2141.
b). At v=3 and U>0, and the total quasimomentum A1 of the system have the form 4, = (49, Ay, A".

0

A
~ . . . 12Bcos=t . .
Then the operator Hj,, has a unique eigenvalue zZ, if U > T that is above the continuous spectrum

of operator H 2141. Otherwise, the operator H 2141 has no eigenvalue, that is above the continuous spectrum
of operator
Hy, .
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It is known that the continuous H3, spectrum of is independent of ¢ and coincides
)

0

with the segment
Geont (H24,) = G}, = [2,4 — 12Bcos 2,24+ 123cos"2—2].

In this case, to take place the analogously theorem to theorem 12. It is necessary only exchange in this
theorem A1 on Ao2.

Now using the obtained results and representation (9), we describe the structure of the essential

spectrum and the discrete spectrum of the system first five-electron quartet state operator 'Hj.
2

Let v=3 and 4, = (4,4{,4)), and A, = (49,49, A9).
Theorem 13. The following statements hold:
0

. A7 . 13
12Bcos— AY A9 A9 1 12Bcos—= AY
a).Let U<0, and U < — m 2, cos?1 > cos?z, cos?1 2 or U<0, andU < — m z r:os;1 <
0

0 ~
cos ’12—2 cos% > i Then the essential spectrum of the system first five-electron quartet state operator g7

is
2 consists of the union of seven segments:

Opgs ( 1ﬁ§) = [Cll +C1 +Bl,b1 + d1 +f:1] U [al + C1 +23,b1 +d1 +ng] U
2

la; +e +zi,by+fi+z]Ulay +2z) + Z3,by + 23 + 23] U [y + ey + 20, dy + i+ 211U [e + 2] + Z3,d;y + 21 +
z3Uel+z11+2z21,f1+z11+2z21.

The discrete spectrum of the operator '/ is consists of no more one point: ;. ( 'Hi ) ={z{ +z; + 3}, or
2 2
Odisc ( lﬁiq) = 0
2
0 0 0
Here and hereafter a, = 24 — 12Bcos=!, by =2A+12Bcos, ¢, =2A—12Bcos, d =24+

0 ~ . -
12Bcos 1—2 e, =A—6B, fi =A+6B, andz1! is an eigenvalue of the operator H;,, and z2! is an eigenvalue
of

the operator H 2241, and z 3 is an eigenvalue of the operator Hj.
0
3B IZB’COS%1 A9 AY Ay 1 .
b). Let U<0, and —y SU<——F7-% cosr<cos}, cosF<i. Then the essential spectrum of the

system first five-electron quartet state operator 'y is consists of the union of four segments: o, ( YA ) =
2 2

air+c, 4, 4+ fil [+ .+ ,*eb +d + U a +e +zLb1 +f1 +z,] [l U c1 +e1 +z1Ld1 + f
1 1] [ 1 1 2 fl 1+Z1 Ue +Zl +Zl’ +Zl +
z21. The discrete spectrum of the operator 1H32q is empty: adisc1H32q=0.

a9
12Bcos— K 0 0 0 .
c). Let U<0, and — ;:"' L<y<— % cos”z_l > ros /'2_2, and cog’;_z > % Then the essential spectrum of the

system first five-electron quartet state operator 'AY is consists of the union of two segments: g, ( g3 ) =
2 2

la; + ¢, + ey, by +d; + fi] U [ay + ¢; + Z3, by + dy + Z;]. The discrete spectrum of the operator 'Afis empty:
2
Odisc ( 11:7;) = 0.
2
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3B A9 A9 A9 1 3B A9
d). Let U<0, and—W5U<O, and cos;l<cos?2, COS7I>Z, or ——<U<0 and c0571>
0 0 . . . ~ s
cosz cgs’lz_z > %. Then the essential spectrum of the system first five-electron quartet state operator 'F{ is

2 r
2
consists

of single segments: a,,, ( 1ﬁ§) = [a; + ¢; + e, b; + d; + ], and the discrete spectrum of the operator '#; is
2 2

empty: oy, ( 11‘175) = 0.

Theorem 14. The following statements hold:

0

12Bcos A 3 A 1 12Bcos’2 A
a). Let U>0, and U > = iy cos?l>cas?2, 60371>Z, orU>0, and U > m 2 cos?1<

cos "Z_g cos/lz—g > % Then the essential spectrum of the system first five-electron quartet state operator 1H 34

is consists

2

of the union of seven segments: g, ( 1ﬁ§) =[a; +c;+e,b +dy +fil]Ula; +¢; +23,by +dy +23]U
2

[a, + e, +2z2,by + fi +25)U [ay + 25 + 23,b, + 25 + 23] U

[c; +e +z2,dy +fi +z]U e, + 27 + z3,dy + 27 + 23] U [

e1+z12+z22,f+ z12+z12]. The discrete spectrum of the operator '§¢ is consists of no more one point:
2

ouise ( AY) = (2 + 25 +
2
Z3} Or oy, ( 1Hf) = 0.
2

Here and hereafter, zi2 is an eigenvalue of the operator H 241, and 2z22 is an eigenvalue of the
operator Hj, and z3is an eigenvalue of the operator H 433.

0
) A 19
12Bcos—=- 3B A% A9 A9 1 12Bcos—= 3B
b). Let U>0, and LU < 60571> COSTZ, CGSTJ<Z, or U>0, and LS U<T
0

A A9 Ay 1 :
cos =t <cos=}, cosT <<, Then the essential

spectrum of the system first five-electron quartet state operator 'HY is consists of the union of four
segments:

2

Oess 1H§q = a1+cl+e1,b1+d1+f1 U a1+e1+222,b1+f1+222 U C1+€1+le,d1+f1 +212 U

2

e1+zi+ z3,f +zf +2f 'H Osisc HS =0 .
2 2 The discrete
spectrum of the operator is empty:
) a9
12Bcos— 0 0 0
c).Let U>0, and Z <y < 2 cosL < cos and cosZ>1 or U>0, and £ <y <
w w 2 2 2 4 w
121&?.:95ﬂ A9 A9 Ay 1 ; i i
- 2 cos ?1 > Cos?z and 50572 > o Then the essential spectrum of the system first five-electron quartet
state

~

operator 1H 34 is consists of the union of two segments: ¢, ( 1}15*) =[ay+c,+e,b+d+filula +c; +

z
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E ~
z3,61+d1+z3. The discrete spectrum of the operator '#{ is empty: o, ( Y ) = 0.
4 2 2 2
2’ 2’

cos’lz_g > % Then the essential spectrum of the system first five-electron quartet state operator 'fj is
2

3B A9 A 1 3B A9
d).Letu >0, 0<U<5 andcos?<cos cos=t >, Or0<U<Wandcos?>cos

consists of

single segments: g,,, ( lﬁg) = [a; + ¢; + e, b, +d; + f;] and the discrete spectrum of the operator 'f{ is
2 2

empy: . (7)<

4, Second quartet state

i i 2,3/2 S S S
The second quartet state corresponds the basic functions “q /" . =a; a5 afrafiaf9,. The

subspace
2H'34/2, corresponding to the second five-electron quartet state is the set of all vectors of the form
3

e = Smnriier fmnr, D) 2% ., f € 19 where 2% s the subspace of antisymmetric functions in

the

space [,((2")°).

The restriction 2H39,2 of operator H to the subspace 2H34/2, is called
the five-electron second quartet state operator.

Theorem 15. The subspace 2H'3%/2 is invariant under the operator H, and the operator 2H349,2 is a
bounded self-adjoint operator. It generates a bounded self-adjoint operator 2H 39/2 acting in the space [2%
as

Zﬁg/z thgﬂ =5Af(m,n, 7, t, ) +BY. [f(m+t,nr.t.l)+
fmn+o,rt, D+ fmnr+t,6 )+ fmnr.t+1,0)+
fmnr, 6, L4+ D]+ U6y + 8pp + 6n 0 + 8| f(mun,7,t,1

) (12)
The operator 2H34)2 acts on a vector Y3972 € 2H 392
as
ZH'_:?/Z zwg/z = Zm,n,r,t,iezv( zﬁ'j/zf)(m, nr,t, l) ZIPE (13)
2

Proof. We act with the Hamiltonian # on vectors 234/2 € 2H'3%/2 using the standard anticommutation
relations  between electron creation and annihilation operators at lattice = sites,
{@py @t s} = 6nnby g0 {@myr @} =1%my anp} = 6, and also take into account that amy o =6, where 6 is the
zero element of 23 3%/2. This yields
the statement of the theorem.

We set *fIj,, = F °H,F~". In the quasimomentum representation, the operator 2H 392 acts in the

Hilbert space L%:5((TV)%) as

2H~§/2 leglz = {54+ 2B Z[cosli + cosy; + cosy; + cosf; + cosn;] X
i=1
(A wy.6,m)+ Uj s A+p—sy.0n)+fLsp+y—s6,n)+
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X

f

+f(A s, v, u+0—sn)+f(4s,y,0,u+n—s)]ds (14)

where L%s((Tv)°) is the subspace of antisymmetric functions in L, ((7")%).
We verify that the operator Zﬁ:fﬂ can be represented in the form

HY,,=H}QIQI+I®@H; @I +1Q1®HS, (15)

where (H}f)(4, 1) = {24 + 2B E}_,[cosA; + cosp]}f (A, 1) +

U [ f(5,2+ p—s)ds

(H; ))(y.0) = {ZA + 2B Z[CUS}G' +cosO1[}f(r.0) —U | f(s,u+0-sds,
i=1 rr

Cﬁ{’f)(u,n)={A+232 cosnyf(Lw)+U | f(s,u+y—s)ds+
i =1 T

f(s,u+n—s)ds.
TV
Consequently, We must investigated the spectra of the operators %, A7 and f¢, the separately. The
operator H 2* and H 2! is identical operators. Therefore, their spectrum is coincide. We use from this
results. Let A2 =y+6. We now investigated the spectrum of the operator

HEAZ: {ZA +4BY/_4 cos'l—zcos(’;—é—

yi-z}fA2y-UTvfA2sds=0.

It is clear that the continuous spectrum of the operator H 2542 comades with the segment

A A
Ocont (A54,) = GY, = [m, M| = [24 — 4B Z cos 2,24+ 432 cos 2}

dsidsy..ds,

Dy =1-U],

Let

AL AL )
2A+ABEY cos—4cos (~2—y;)~z

2 2
Lemma 3. The number z, ¢} is an eigenvalue of operator H 2542 ifand only ifitis a zero of the function

D} (2), i.e, D} (z) = 0.

Itis clear that, if U < 0 (U > 0), then the exists only one solution of the equation
D} (z) = 0, the above (the below) of continuous spectrum of the operator H 2°12.

First we consider the one-dimensional case. Let U<0. Then the equation pj (z) = 0 in the above the
continuous spectrum of the operator H 2°42 has a

only one solution z, = 24 + \/UZ + 16B%cos? ’12—2 If U>0, then the equation Dj (z) =0 in the below of the

continuous spectrum of the operator H 2542 has a only one solution z, = 24 — JUZ + 16B%cos? %
In the two-dimensional case we have the analogous situation. If U<0, then the equation Df (z) =0 in

the above the continuous spectrum of the operator A3, has a only one solution z, > M7 . If U > 0, then the
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equation p? (z) =0 in the below the continuous spectrum of the operator H 2542 has a only one solution

Z, <mj -
. . . dsids;ds:
We now consider three-dimensional case. Denote M = | . ——
2A+4B 2:3:1 C()S%(] —cos (72—.\‘4:))
If U< —%, then the above of the continuous spectrum of operator f3,, the equation D}, (z) = 0 have

the only one solution z, > M} . If —% < U < 0, then the
continuous spectrum of operator H3,, .

equation D} (z) = 0 has no solution in the above of
dSldSZdS:; 2

Denote m= " .
2A+4B 1-3:1 cos—zz(1+cos( Zz—si))

U>0,U>" D} z =0
HZSAZ- fo<y<2 If , then the equation has only one solution
continuous Spectrum of Operator Hé;/lz' Z~2 < mﬁz’ lylng in the below of continuous SpeCtrum of
operator, then the equation pj (z) = 0 has no solution
in the below of

We now investigated the spectra of operator H 26. Let A3 =pu+n.
v

(A5, 11,)(0) = 4+ 2B ) cos(y =)o, +20 | fy,()ds.
i=1

It is known the continuous spectrum of operator y, is consists of interval
Ocont ((ﬁg3) = Gﬁg = [mﬁ3’Mf3] =
[A—=2Bv,A+ 2bv]

Denote D} (z) = 1+ 2U [, ——o1dozudsy

V A+2BEY_, cos(A3—s)~z

Lemma 4. The number z, G}, is an eigenvalue of operator Hg)s if and only if it is a zero of the function
D} (2) 1.e.,, D} (z,) = 0.

It is known, at U>0 (U<0) is exists only one solution of the equation Dj,(z) =0, lying the above (the
below) of the continuous spectrum of the operator Ay .

We consider at first one-dimensional case. Let U<0. The the equation pj (z) =0 has only one solution

z3 = A — 22/U? + BZ, lying the below of the continuous spectrum of operator ﬁga_ If U > 0, then the equation
D4,(z=0 has only one solution z, = A4 + 2v/U? + B, lying the above of the continuous spectrum of operator
ay..
In the two-dimensional case we have the analogous situation. If U<0, the equation p? (z) = 0
has a unique solution z, <mj,, lying the below of the continuous spectrum of operator
Hp.. If U > 0, then the equation D (z) =0 has a unique solution z, > M}, lying the above of
the continuous spectrum of operator /. ~ We consider three-dimensional case.

If uU<0,U< —%, then the equation D3 (z)=0 has only one solution z, < mj, lying the below of the
continuous spectrum of operator ﬁ§3. If —% < U <0, then the equation Di (z) = 0 in the below of the
continuous spectrum of operator fy, has no solution.If v > 0,U > %, then the equation D7, (z) = 0 has only
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one solution z; > M}, lying the above of the continuous spectrum of operator Hf. If 0 < U < %, then the
equation D7, (z) = 0 in the above of the continuous spectrum of operator £, has no solution.

We now using the obtaining results and representation (15), we can describe the structure of essential
spectrum and discrete spectrum of the operator of second five-electron quartet state:

Theorem 16. If v=1 and U<0, then the essential spectrum of the second five-electron quartet state
operator H 392 is consists of  the union of  seven segments:
cress(zﬁgq)= [a+tc+eb+d+flula+c+z;,b+

2

d+z3Ua+e+z2,b+f+z2Ua+z2+2z3,b+z2+z3U c+e+z1,d+f+z1 Uc+z1+23,d+z1+z3VUe+z1+z2,f+z1+22,
and discrete spectrum of operator 2H 34,2 is consists of no more one point: g, ( 21’{?) ={z, + %, + 23}, OF
B
O'diSC( Zﬁg) = 0.
2

Here and hereafter = 24 — 4Bcos ‘“2—1 b = 24 + 4Bcos ”Z—l c= 24 — 4Bcos“2—2, d = 2A + 4Bcos ”2—2 e=A—

2B, f=A+2B, z, =2A— \/UZ +16B2cos=t, 7, =24+ JUZ +16B2cos =, z3 = A—2VU? + BZ.
Theorem 17. If v=1 and U>0, then the essential spectrum of the second five-electron quartet state
operator ’H 392 is consists of the union of seven segments:

am(zﬁg):[a+c+e,b+d+f]u[a+c+z3.b+d+53]u
2

[a+e+22,b +f+Zz] U [a+22 +23,b+22 +23] U[C+e+ 21,d+f+21]U [C+Zl +25,d+21 +23] U
e+ 2, +z,, f + 2, + z,], and discrete spectrum of operator 2H 39/2 is consists of no more one point:

Odisc ( Zﬁjq) = {Z| + z, + Z3}, or Oy, ( Zﬁg) = Q.
2 2

Here z =24 + JUZ +16B%cos 2, z, = 24— JUZ +16B%cos 22, 23 = A+ 2VU7 + B2,

In the two-dimensional case we have the analogous results. We now consider the three-
dimensional case.
Theorem 18. a).Ifv=3 and U <0, U <i:_3’ M>m, m< gw, oru<o, U< —%,
U<0,U< —%, M>m m> %W, or U<0,U< —%, m>M, M>§W, then the essential spectrum of the
second five-electron quartet state operator 2H 39,2 is consists of the union of seven segments:

oess(zﬁg):[a+c+e,b+
2

4
m>M, m<§W, or

d+f ula+c+z3,b+d+zz]Ulate+Z,,b+f+Zl0[la+Z,+2z3,b+ 2, +z3]U[c+e+z,d+ [ +]
zJU[c+2z, +2z3,d+2 +23]U[e+ 2z, + 2, f + 2 + Z,] and discrete spectrum of operator 2H 39/2 is consists

of no more one point: g, ( Zﬁf) ={z; + %, + 23}, OF Oy ( Zﬁf) = Q.
2 2

Here,  a=24-4BYi cos%, b=24+4B3L cos%,  c=24-4BYL cosZ, d=24+
4B Y3, cos "2_5 e=A—6B, [ =A+6B, z,, 2, and z3, are the eigenvalues of the operators H 2%, H 2% and H 26,
correspondingly.
b).Ifv=3 andu<o, -2 <vU<-2, M>m and m>2w, oru<o, -=<y<-3, m>M, and
m

M>iw, oru<o, “2<v<-2 Ms>mandm<iw, oru<o -Z2<u<-%%
3 m M 3 M m
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M<m, and m < %W, then the essential spectrum of the second five-electron quartet state operator 2H 39,2
is consists of the union of four segments:
aess(zﬁ§)= [a+c+eb+d+flulatc+zy,b+d+zz]ulate+Z,b+f+ 24 U[c+e+z,d+f +

2

zlUe+z1+22, f+z1+z22,
or ae_gs(zﬁg) =lat+c+eb+d+flulate+Zy,b+f+2]Uula+Z+23,b+2,+23]U[c+e+2z3,d+
2

f+z3Uc+z1+z3,d+z1+z3Ue+z2+2z3,f+z2+z3 or
aess(zﬁg): l[a+c+eb+d+flulate+z,b+f+z;]U[c+e+z
2

d+f+2z3]Ule+z + 23 f + 2, + 23}, and discrete spectrum of operator *Af is empty: o, ( Zﬁf) = Q.
2 2

c). If v=3 andU<0,—%$U<—L—B,M>m, M>§W, or U<0, —%5U<—%,m>M,and
m<IW, 0r U<0, —=<U<-2=2 m<Mand M<iW, or U<0, —=<U<-2 m<M, and
M >§W, or U<O, —%5 U< —1—3, m>M, andm>§W, then the essential spectrum of the second five-

electron quartet state operator “Hj is consists of the union of two segments: g, ( zﬁg) =lat+c+eb+d+
2 2

fUa+c+z2,b+d+z2, ore ess2H32q=a+c+e,b+d+fUa+c+z3,b+d+z3, or

Oss ( Zﬁg) =[la+c+eb+d+flula+c+z,b+d+z] and discrete spectrum of operator gy is empty:
2 2

Odisc ( Zﬁg) = Q.
2
d). If v=3 andy<o, -2 <v<0, and M>m M>>W,or —2<U <0, and M>m, M>Iw, or
—% <U<0,and M>m M< %W, then the essential spectrum of the second five-electron quartet state

operator ZH§ is single segment: g, _ ( Zﬁg) =[a+c+eb+d+f) and discrete spectrum of operator ?f{ is
z 3

empty:
2
Odisc ( zﬁf) = 0.
2
Theorem 19.a).If v=3 andvu >0, U >%, m > %W, andm<M, or U>0, U >%, m <%W, and
M<m, oryso, U>2 n <§W, and m<M, then the essential spectrum of the second five-electron
m
quartet state operator ‘HY is consists of the union of seven segments:

aess(zﬁg’):[a+c+e,b+d+f]u[a+c+

2 2
Z3.b+d+z30a+te+z2.0+ +z2Ua+z2+23,6+22423Uc+e+z1,d+ +zI1Uc+z1+23,d+4-z1+2z30e+z1+22, +zI1+z/
Ve Va

2, and discrete spectrum of operator 2H32q is consists of no more one point: disc2H32q={z1+z2+z3}, or

Odisc ( 2[’_]";) =0
2

Here, z1,z2 and z 3, are the eigenvalues of the operators H 2*41, H 2°42 and f§, correspondingly.
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b) If v=3 and U > 0, ﬂ<U<—, andm<M, m<=2 W or U >0, £<U< . M <m,and

m<- W, ory >0, —<U<—andM<m,m> w, oru>0 —<U<—andm<M m> - W, then

the essentlal spectrum of the second five- electron quartet state operator 2H 39 is con51sts of the union of
four segments:

2

esg(ij): [a+c+eb+d+flulatc+zZ;,b+d+2Z;]Ulc+e+zZ,d+f+Z])U[c+2Z +2;,d+2Z +
%], or aess(zﬁg)z[a+c+e,b+d+f]u[a+c+23,b+d+23]u[a+e+zz,b+f+zz]U[a+zz+

z
b+ 7y + 73] Oraess(2ﬁ§)=[a+c+e,b+d+f]U[a+e+zz,b+f+z;,_]U[c+e+z"1,d+f+z"1]u
le+2, + 2, f+ 2 + z;) a;ld discrete spectrum of operator *f{ is empty: g, , ( 21’1‘;?) = 0.

c).Ifv=3 and > 0, 3—~<U<—andm< w, M<m or U>0, £<U<—, and M < - W

m<M, or U>0, ;<U<— M<m, and m>- W 0rU>0'F5U<W' and M>3W,M<m, or
U>0, 4B<U<—andM> W, M<m, ortU>0, —<U< andm>§W,m<M,thentheessential

spectrum of the second five- electron quartet state operatpr 2H 34 is consists of the union of two segments:
2
O-ESS(ZHE‘?)z[a+c+e’b+d+f]U[a+c+221b+d+z~?]r or es¢(2H3)=[a+C+e,b+d+f]U
2

[a+e+z,,b+ f+ 2] 0r aess( ) [a+c+eb+d+flulc+e+z,d+ f+z]) and discrete spectrum

3
2
of operator qu is empty: g, ( ZH;?) =@
d). Ifv=3 andU>0, 0<Us<Z,andM<iW, or U>0, 0<U<,andm<<W, M<m,or
U>0,0<U<>, M<mandm>W,ory>0, 0<v <= andm>2w, M>m then the essential
m
spectrum of the second five-electron quartet state operator ‘H{ is single segment:
m(2193)=[a+c+e,b+c¢t+
2
/»and discrete spectrum of operator 2H32q is empty: odisc2H32q=0.
We now consider the three-dimensional case, when 4; = (49,47,47), and A, = (49, 49,49). Then the
0

continuous o spectrum  of  the operator Hf,, is  consists of the segment
Ocont (A4,) = G}, = [24 = 12Bcos L, 24 + 12Bcos ™2

R 7=

128cosn—1

Theorem 20. a). If v=3 and 4, = (49,49,49), and U<0, and U < — , then the operator ﬁfnl has only
one eigenvalue z11, lying the below of the continuous spectrum of operator H 2441.
A 0
128-:0571
- SU<0

b). If v=3 and 4, = (4,49,49), and U<0, and, then the operator H 2*41 has no eigenvalue, lying the
below of the continuous spectrum of operator 3, .
c). Ifv=3 and A, = (49,19, 4}), and U>0, and
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0
A
12Bcos =+

U> 2, then the operator H 2%11 has only one eigenvalue z12, lying the above of the continuous

spectrum of operator H 2441.

0
IZBL‘U.';A_Tl

d). Ifv=3 and A, = (4,4%,49), and U>0, and o < U < , then the operator H 2%11 has

no eigenvalue, lying the above of the continuous spectrum of operator H 2441.
We now consider the three-dimensional case, when 4, = (49,49, 49), and A, = (49,49, 49). Then the o
continuous spectrum of the operator A3, is consists of the segment o,,,, (A3,,) = G}, = [ZA - 12300.92—2, 24+

12BcosA202.

13
Theorem 21. a). If v=3 and 4, = (49, 49,49), and U<0, and v < — 123;;'5 2, then the operator H 2512 has only

one eigenvalue z2!, lying the above of the continuous spectrum of operator 73,
052 -
b). Ifv=3 and 4, = (49,49, 49), and U<0, and — 123; Z < U < 0, then the operator /3,, has no eigenvalue,

lying the above of the continuous spectrum of operator f3,,.
0

A5
12Bcos=2

c).If v=3 and 4, = (49, 49,49), and U>0, and U > T then the operator 13, has only one eigenvalue

722, lying the below of the continuous spectrum of operator H’;AZ_

0
12Bcos2 ~ :
d).If v=3 and 2, = (49,49, 49), and U>0, and 0 < U < ;:5 2, then the operator HEAZ has no eigenvalue,

lying the below of the continuous spectrum of operator 773, .

We now using the obtaining results and representation (15), we can describe the structure of essential
spectrum and discrete spectrum of the operator of second five-electron quartet state:

Let A, = (49,49, 49), and 4, = (49, 49, A9).

0

42
12Bcos22 0 0 0
Theorem 22.a).If v=3 andu<o0, U<-—22 cos% > r:osAz—z, cos% > %, or U<0, U<
) 19
12Bcos == A9 AY A3 1 3B Ay A9 A9 1 3B
- 2 cos—=<cos=E cos=Et>-,orlU<0, U<—=—, cos=L>cos=% cos=2>-0ryy<o0, U<-—-=
w 2 2 2 74 w 2 2 2 71 w

0 0 0 . . ¥
COS’;_I < cos “‘2_2 gog’fz_z < %, then the essential spectrum of the second five-electron quartet state operator *Hy

is
2
consists of the union of seven segments: g, ( Zﬁg) =[a;+c¢ +e,by+di +filula; + ¢ +23,b) +dy +23]U
2
(1 1 21 fi 2] [1a +e +zLb + +21 U a +z,1 +z3,b1 +z21 +z3 U[c1 +e1 +z1,d1 +f1 +z
d [ 1 3 1 [fUctzl+zd+zl+
z3Uel+z11+2z21,f1+2z11+2z21, and discrete spectrum of operator 2ZH32q is consists of no more one point:

ouse () = (21 + 23 + 23, or oy (R ) = 0.
2 2

0 0 0
Here, and hereafter a; = 24 — 12BcosZ., by = 24+ 12Bcos=, ¢, = 2A—12Bcos>, d; =24+
0 —~ ~
12Bcos /12_2 e, =A—6B, f, =A+6B,and zi1l, z21, and z3, are the eigenvalues of the operators Hg,h, H25A2 and
Hf, correspondingly.
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0 0
19 79
12Bcos— 12Bcos—= A A9 A9 1
b).Ifv=3,andU <0, ———=2<U<—-———=, cos=>>cos=%, and cos=2 > -, or U<O0,
w w 2 2 2 74
1ZBCGSA—U 1ZBCOS£ A9 A9 A9 1 123505ﬁ 3R A9
- 2ol ———2 cos <cosZ andcos=2 >, or U<O, and—-——2 < U< -2, cosZL>
w w 2 2 2 7 4 w w 2
A[)
A9 A9 1 12Bcos=2 3B A9
cosf, and cos?1 > or U<, and —— =< o< — cos < cosTﬂ and cos— > 1 o or U<0, and
19 0
3R 12Bcos=L A9 A9 3B lZBcos— ,1 A9
——<U<—-——2 cost<cos= cos—< LorU<0, and -2 <y « - 222 cos—<cos Z,
w w 2 2 w w 2’

cos’;—g < %, then the essential spectrum of the second five-electron quartet state operator “fI{ is consists of
the union 2
of four segments: g, ( Zﬁg) =[a;+ci+e,by+d+filUla; +e +z3,by + fi + 23] U [a; + ¢ +23,b, +
d1+z3Ual+z21+2361 +2212+z.5’, or

Ooss ( 2H3) =[a,+c +e,by+d+filUla; +c; +73,by +dy + 231U [c; + e +z,dy + f; +z}]U
lc; + 21 + 23,d, + 2} + 23] or ess(ZHg)z[a1+c1+el,b1+d1+f1]U[a1+el+zzl,b1+f1+zé]u

[c + e + 2z, dy + fi + 211U [e + 2z} + zL, f; + z} + z}], and discrete spectrum of operator *H is empty:
2

Tgisc ( H3> = 0. IZBcos— 3B A9 A9 A9 1
o). A v=3, andU <0, _T U<-7 00571 > cos?z, and cos?z> o or U<0,

a9 A0
12Bcos =L 3B AY A9 A9 1 3B 12Bcos =+ A9 A9
——— i<l ——, cos=t<cos=, and cos=L>- or U<DO, ——SU<——2. cos—<co =2 and
w w 2 2 0 2 4 w 0 2
A2
719 1 3B 12Bcos—== ‘IZHC{JR—
cos?1>z, or J <0, —WSU<—T1, cos—>cos andc037< -, or U<0, and -——2 <
Ay Ay 19
12Bcos—=- A0 A9 A2 1 12Bcos—- 12Bcos =2 A9 A9
U<—T‘5, c0571<cos?2, and c0372>? or U<0, and—ngu<_Tz, cos?l>cosT2,

0 ~a . .
and cos';—‘ > % then the essential spectrum of the second five-electron quartet state operator *f{ is consists
of the

2
union of two segments: g, ( Zﬁg) =la; +c; +e,b +di + fi]lU[c; + e +zi,dy + f; +21], OF 0, ( Zﬁg) =
2 2
la; + ¢ +e, by +di + filUlay + e +25,b, + f; + 2;], or Opss ( ZHs) =[a;+c +e,b +d; +fi]U

[a; + ¢; + Z3,b; + d; + 73], and discrete spectrum of operator 2H3 is empty: oy, ( Zﬁf) = 0.
2

3B A9 A9 A 1 3B
d).Ifv=3 andvu <o, - < U <0, and cos71< cosf, COS?1>Z; or —— < U <0, and
0

/l
A9 A9 A9 1 12Beos=L A9 Ay 1
cos— > cos?2 cos?2 > 0rU <0, TZ <U <0, and cos < COS?Z cos?2 o or U<0,
0

A7
12Bcos—= 0 . .
__;‘:S U < 0, and Cos ' Cog_’lj COS—Azl < 41, then the essential spectrum of the second five-electron

quartet
state operator ?f] is single segment: g, ( ZH;’) =[a, +c, +e,b +d, +f;], and discrete spectrum of
2

operator
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[{ is empty: gy, ( Zﬁf) = .
2

2

a3 A3
12Bcos— AY Al AY 1 12Bcos—=
Theorem 23.a).If v=3, and v >0, U > TZ, c:cos?1 > cos ?2 cos?2 > 00 U>0, U> Tz’
A9 A9 A3 1 3B AY A3 A 1 3B A9
cos=2 < cos=%, cos=t>-, Ory >0, U>— cos=2 > cos=E, cos=2<- or U>0, . cos=2t<
2 P 2 "4 2 2 2 4 w 2
cos AZ—Z cas% < %, then the essential spectrum of the second five-electron quartet state operator 2H 39 is
consists of
the  union of seven segments:

2

L53(2H2)= [al+cl +€1,b1+d1 +f1]U[a1 +C1 +23,b1+d1 +Z3]U

[ 1 1 2 1 fl 2] [ 1 )
a +e +z5b + 422U a +z2+2z,b +2z°+z Uc +e +2°d + +2z2 Uc +z2+z,d +2z¢+,3
1 2 3[1 1 1 1f1 4] [, 1 3 1 1
z3Uel+z12+222,f1+z12+2z22, and discrete spectrum of operator 2H32q is consists of no more one point:

Odisc ( Zﬁjq) = {212 + 222 + 23}) oI g ( 2[’_‘1"_;{) =0Q.
2 z

Here, z12, z22 and z3, are the eigenvalues of the operators H 241, H 2542 and fig, correspondingly.
0

Az
3B 12Bcos—== A9 A9
U>0, —<U<——2, cos=L<cos=2
w % .2 2
A1 3B
b).If v=3, and, and cos?z >50rU>0, ~<U<

U
ZBws—

0
A1
12Bcos—= A° A9 A 1
72 cost> cos, and cosD > L oru >0, —2 <U <22 cos—>cos— and cos™L < -, 0I‘U>O and
w 0 2 2 2 4 w n w 0 2
At
12Bcos—= 3B A9 A9 A9 1 123605‘— IZBcos— AY
— < U<=, cost<cosE cosE<orU>0 —E<U<—2% cosZt<
w w 2 2 2 4 w w 2
A9 19
9 9 12Bcos=2 12Bcos =L 0 0 A9

cos’Z, cos>lorUu>0, 2t <U<-—22 cosL>cos cosil>2, then the essential spectrum
2 2 4 w w 2 2 2 4
of the second five-electron quartet state operator ¢ is consists of the union of four segments: g, ( g ) =
B z

2
[a, + ¢, +e,by+dy+ filula; + ¢y +23,by +dy +23]U U [y +e +zi,d+ fi + 281U [¢) + zf + z3,d; +
z12+230el1+212+222,f1+212+222, or

BS‘S( H3)= [a1+C1+€1,b1+d1+f1]U[a1+Cl +Z3,b1+d1 +Z3]U[a1+el+Z§,bl +f1+222]U
lai + 2 +23,b, + 25 + 23] or ess(zHg) =[ay +¢; +e, by +dy + filUlag +e; + 25, by + f; +25]U

[ci + e +zi,dy + fi +z{]1 U [ey + zf + 235, f; + zf + z5], and discrete spectrum of operator 2f¢ is empty:
2

Odisc ( Zﬁg) - @
2

0
A1
3R 12Bcos =+ A? A9 A9 1 3B
c).If v=3, andvu >0, WSUSTZ‘ cos71<cos?2, and cos7]>1,0r U>0, -<US
a9 49 43
12Bcos == A A9 A0 1 123605— 12Bcos—= AO 719 A9 1
——2 co 55> cos?z, and cos?1>z, or U>0, T <U STZ, cos—< cos72 and cos§<z, or
0 0 0
12Bcos 2 12Bcos A 12Bcos 2t 3B 29
U >0, " U< T cos—>cos?, andcos < ,Or U >0, TSU<W' cos?<
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43

A9 A9 1 12Bcos—= 3B
cos=%,and cos= <-or U >0, Lo <=
2 2 4 w w

of the second five-electron quartet state operator 2H 34 is consists of the union of two segments:

0 0 0 .
cos% > cos ’;—2, and coSAZ—Z 41, then the essential spectrum

2
Jess(zﬁ§)= [a1+C1+el.b1+d1+fl]U[C1+€1+Z12,d1+fi +Zi'2]; or Gess(zﬁg)z [a1+61+€1.b1 +

2 2
dl+f1uUal+el+z22, b1+f1+z22, or ocess2H32q=al+cl+el,b1+d1+f1Ual+c1+z3, b1+d1+z3, and

discrete spectrum of operator Zﬁf is
2

empty: Oisc ( ZH“EJ) = @.
2
3B Ay A8 A1 3B AY
d).If v=3,and U >0, 0<U< W and os?1 < cos?z, cos?1>1, or 0 <U < and r:cus?1 >

AO 49
A9 A9 1 12Bcos=L 79 A9 79 1 12Bcos =%
cos=t, cosZE>-, 0rU>0 0<U< 2, and cos 2 < cosZ2, cosZ<- orU>0,0<U< 2y
2 0 2 4 0 0 w 2 2 2 4 w
A A A 1 . .
and cos?l > cos 72 60572 <7 then the essential spectrum of the second five-electron quartet state operator
ZH";?
2

is single segment: o, | ?H{ | = [a; + ¢, + €1, b; + d; + f;], and discrete spectrum of operator *H{ is empty:
g g ess 1t¢ te.b 1t h p p 3 pty
2 2

Oyisce ( Zﬁg) - @
2
5. Third quartet state

The third quartet state corresponds the basic functions :iqi/' immv = a,, 10, 14, 8101 The subspace * )
, corresponding to the  third five-electron quartet state is the set of

all  vectors of the form
W0 = T icze FMnr, 6,1 S22 ., felgs, where [2% is the subspace of antisymmetric functions in the
space 1,((z")°).

The restriction 3H34/2 of operator H to the subspace 3H34/2, is called the five-electron third quartet state
operator. Theorem 24. The subspace 3H34/2 is invariant under the operator H, and the operator 3H34,2 is
a bounded self-adjoint operator. It generates a bounded self-adjoint operator 3H 39,2 acting in the space [2%
as

Bﬁ_g/z 31#_;7/2 =5Af(mnr,t, D+ BY.[fim+tnrtD+fmn+rt, D)+ fmnr+t,t, )+ f(mnrt+

t,l+fmnrtl+t+U[dm,r+6n,r+dr,t+dr,l].

16
'([‘he)operator 3H34/2 acts on a vector 3y392€ 3H'34/2 as
Hip Wi = Tmnrier CHYp o, 1) . (17)
Proof. We act with the Hamiltonian H 01; vectors “yi , € °3],, using the standard anticommutation
relations
between electron creation and annihilation operators at lattice sites,

{am,}“ a:ﬁ} = B by o
{amy,anp}={am* y,an* p}=0, and also take into account that am;y@o=60, where g is the zero element of 3H3%/.
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This yields the statement of the theorem.
We set 3ﬁ§/2 =F 3H§’/2T*1. In the quasimomentum representation, the operator 3H 39,2 acts in the

Hilbert space L225((TV)") as

3}‘1‘;?/2 31,1)3?/2 = {SA + 2B Z[COS/L' + cosy; + cosy; + cosO; + cosn; | X
i=1
X f(Awy 0,m)+U f[f(s.u.?c ty—-som+fAspty—s0,n)+
TV
+fAusy+0—s5n)+f(Lws 0,y +n—s)]ds (18)
where L%5((T")°) is the subspace of antisymmetric functions in L, ((7V)%).
We verify that the operator 3H 39,2 can be represented in the form

3H 39/2=H 27 QIQI+IQH 28 QI+IRQIQH 2°, (19) Where

(A7 f)(Ay) = {24+ 2B X} [ costi+ cosy)f (L) = U [ [f (s, A+y = s)ds, (H3f)(wy) ={A+

I=1veosplfuy+20Tv[/s pu+y—sds, H29/8n=2A+2Fi=1v[cosOi+cosnifCn—UTv[/s y+y—sds
2B

Consequently, We must investigated the spectra of the operators H 27, H 28 and H 29, the separately.
Now, we investigated the spectrum of operator FJ. Let A1=A+y be fixed. That the operator 7 and the
spacefl] = L,((T")?) can be expanded into the directintegrals A] =& [, A, dA,, H] =@ [, H], dA;
It is known that the continuous spectrum of the operator H 2741 does not depend on the parameter U
and consists of the intervals a,,,, (H, ) = G} = [—ZA —4BY!_, cos /12_1 —24+
4Bi=1vcosA1iZ2.

Let D}lzl (Z) =1-— UJ-TV dsqdsy..ds,

. v oM (A '
—ZA—4HZE,lcosTCOS 5 si |-z

We have the next Lemma.
Lemma 5. The number z, € G}, is an eigenvalue of operator H 2741 if and only if it is a zero of the function
Dj, (2),
Le, D} (z) =0.
In the one-dimensional case we have the following theorems:
Theorem 25. Let v=1. Then

a).If U>0, then the operator H 2741 has aunique eigenvalue z, = —24 — JUZ + 16B%cos? %, lying the below

of continuous spectrum of operator H 27 1.

b).If U<O0, then the operator H 2741 has a unique eigenvalue z, = —24 + JUZ + 16B%cos? ’;—’, lying the above

of continuous spectrum of operator H 2741.
In the two-dimensional case, we have the analogous results.
We now consider three-dimensional case.

dsids;ds dsidspdss
We denote M = [, Lt ]

——and m= 3

Iy A ; 3 45 4
2A+4B E?,l cosf(lfcos (7275;)) 24 4B @a ( )
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+ i=1CO0S 2 +cos 2-si
Theorem 26 Let v=3. Then
a).If y > 5 then operator H 2741 has a unique eigenvalue z1, lying the below

of contlnuous spectrum of operator H 2741.
b).If o<U < %, then operator H 2741 has no eigenvalues, lying the below of continuous spectrum of

operator
H 27A1.
o). If v< —ﬂ, then operator H 2741 has a unique eigenvalue z1 , lying the

above of contlnuous spectrum of operator H 2711.
d). If -2 <y < 0, then operator H 2741 has no eigenvalues, lying the above of continuous spectrum of

operator
H 27A1.
We now investigated the spectrum of operator
(H3 ) y) ={A+ 2B X} cosu}f () + 2U [, [f(s,u +y — s)ds.
Let A2 =u+y be fixed. Then (HEAZfAZ)(u) ={A+2BY!_ cosu}fa, () + 2U [, fa,(s)ds.
The continuous spectrum of operator H 2842 is consists of interval 6§, = [m} ,M} | = [A — 2Bv,A + 2Bv].

dsids;..ds,
Weset Df (z) =1+2U [, —Mz,),lz_uj pv—

. Then we have the next Lemma.

Lemma 6. The number z, € G}, is an eigenvalue of operator H 2842if and only if it is a zero of the function
D}, (z) 1€, Df (z) = 0.
Theorem 27.a). If v=1 and U<0, then the operator H 2842 has a unique eigenvalue z, = A — 24/U? + BZ, lying
the below of continuous spectrum of operator H 2842.

b).Ifv=1 and U>0, then the operator H 2842 has a unique eigenvalue z, = 4 + 2vUZ + BZ, lying the above
of continuous spectrum of operator H 2842.
In the two-dimensional case, we have the analogous
results. We now consider the three-dimensional case.

Theorem 28. a). If v=3, U<0 and U < —%, then the operator A3, has
a unique eigenvalue z2, lying the below of continuous spectrum of operator H 2842.

b). If v=3, U<0 and - % < U <0, then the operator HEAZ has no eigenvalues, lying the below of
continuous spectrum of operator A3,

c).Ifv=3, U>0 and U > %, then the operator H 2842 has a unique eigenvalue z 2, lying the above of
continuous spectrum of operator H3,..

d).Ifv=3, U>0 and 0 < U < %, then the operator H 2842 has no eigenvalues, lying the above of continuous
spectrum of operator H 2842.

We now investigated the spectrum of operator (H5f)(8,n) = {24 + 2B ¥._,[cos6; + cosn;1f(8,1) —
U fT,, f(s,y +n—s)ds.

Let A3=0+n, and A4=y+6. Then (H},,f,,)(6) = {ZA +4BYY_, COSA?COS (—— 0; )}fAJ(G) -

U [, fa,(s)ds.
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It is known that the continuous spectrum of the operator H3,, does not depend on the parameter U and
consists of the intervals ¢,,,, (A3,,) = G}, = [zA —4B ¥, 5052_%, 2A+4B Y-, cos Ag_j]
We set D} (z) =1— UfTu dsidsy..ds,

2A+4BY}_, cos Az—acos (t—!-{—si)—z.

Lemma 7. The number z, € G}, is an eigenvalue of operator H 2°s3ifand only if itis a zero of the function
D (z) 1., D} (z) = O

Theorem 29. a). If v=1 and U>0, then the operator H 243 has a unique eigenvalue z3=2A4-

J U? + 16B%cos? ’12—3, lying the below of continuous spectrum of operator H 2%s.

b).If v=1 and U<0, then the operator H 2743 has a unique eigenvalue z; = 24 + \/UZ + 16B?cos? ’12—3, lying

the above of continuous spectrum of operator H 2943. In the two-dimensional case, we have the analogous
results. We now consider the three-dimensional case.

Theorem 30. a). If v=3, U>0, andU > jn—B, then the operator ﬁ§A3 has a unique eigenvalue z3, lying the
below of continuous spectrum of operator
Ay,

b). If v=3, U>0, and 0<U s‘;—B, then the operator H 2243 has no eigenvalues, lying the below of
continuous spectrum of operator H 2943.

c).If v=3, U>0, and U < —%, then the operator H 2243 has a unique eigenvalue z 3, lying the above of
continuous spectrum of operator H 2%43.

d). If v=3, U<O0, and —% < U < 0, then the operator H 2243 has no eigenvalues, lying the above of

continuous spectrum of operator H 2943.

We now using the obtaining results and representation (19), we can describe the structure of essential
spectrum and discrete spectrum of the operator of third five-electron quartet state:

Theorem 31. If v=1 and U<0, then the essential spectrum of the third five-electron quartet state
operator S 12 is consists of the union of seven segments:
oess(3ﬁ§)= [a+c+eb+d+flula+c+2z;,b+d+2;]U

2
[a+e+zy,b+f+zJula+zy+2;,b+2,+23]U[c+e+Z,d+f+
+7 U c+ 2 + 23,d + 2 + 2] U [e + 2, + z,, f + Z, + z,), and discrete spectrum of operator 3H 392 is consists

of no more one point: g, ( SHf) ={Z, + z, + Z3}, Or Oy ( 35";) =0.
2 2

Here and hereafter a = —24 — 48605%, bh=—24+ 4Bcos’;—1, c=A—2B, d=A+2B, e=2A-

4Bcos %, f =24+ 4Bcos, 7 =24 —JUZ +16B2c0s?, 7, =A-2VUZ+B%, 7 =24+

JUZ + 16B2cos? 2.
Theorem 32. If v=1 and U>0, then the essential spectrum of the third five-electron quartet state

operator 3SH 34,2 is consists of the union of seven segments:
0835(31?5’): l[a+c+eb+d+flula+c+zy,b+d+
2

73|V
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ate+ 7, b+ f+ZJula+2Z,+z3,b+Z,+z3]U[c+e+z,d+ f+
+z]U [c+ 2z, + 2z3,d + 2z, + 23] U [e + 2, + Z,, f + z, + Z,) and discrete spectrum of operator 3H 34,2 is consists
of

no more one point: oy, ( 3Hf) =iz +2; 23} 00 oy ( 39‘;) =0.
2 2

Here z; = -24 —JUZ + 16326052% 7, =A+2VUZ+ B2, z,=24 —\/UZ + 1632c052”2—3.
In the two-dimensional case we have the analogous results. We now consider the three-

dimensional case.

Theorem 33.a).If v=3 and U <0, U<—%,M>m,m<gW, or U<, m>M,m<§W, or

4B 4 3B 4 3B
U<0,U<—g, m>M,m<§W,OrU<0, U<_W’ M>m,m>§W, or U<0‘U<_W‘ m>M,

M > gw, then the essential spectrum of the third five-electron quartet state operator 3H 39/2 is consists of

the union of seven segments:
0655(3‘1#5’): [a+c+eb+d+flula+c+z,b+d+Z;]Ula+e+2z,b+f+2,]U

2
la+z,+2,b+z,+Z4]U[c+e+2,d+f+Z]Ulc+7 +2,d+ 2 +7]Ule+ 2 + 2, f + 7 +2z,],and discrete
spectrum of operator 3H 39,2 is consists of no more one point: gy, ( 3H§) ={Z +2z,+ 7}, or

2
Odisc ( 3[7;) = @
2

Here,q = 24— 4By} cosZl, b=-24+4BY!  cos, c=A—6B, d=A+6B, e=24-
4B YV_, cos "2_5 f=2A+4+4BY"_, cos % and z1, zz2 and z 3, are the eigenvalues of the operators H 2741, H 2842
and H 243, correspondingly.
4B

b). If v=3 and v <o, —‘;—Bgu<—w, M>§W, or U <0, —;—BSU<—F M >m, and M<§W,01‘

3B 4B 4 4B
U<0, ——<U<-—=, M>m,andm>-W, orU<0, —-=<U<-—, m>m, and
w m 3 w M

M>IW, or U<0, —2<U<-3, M<mandm><w, oru<o, -Z<U<-=, M<mand
m< %W, then the essential spectrum of the third five-electron quartet state operator 3H 39,2 is consists of
the union of four segments:

aess(3ﬁ§)=[a+c+e,b+d+f]u[a+e+zz,b+f+z2]u[c+e+z"1,d+f+zl]u

2
[c+Z,+2Z;,d+ 2, +3]Ule+ 2, + 2, f+ 2, +2,) OF
aes_g(3ﬁ§)= [a+c+eb+d+flulate+z,b+f+z]ulc+e+Z;,d+f+ 2]
2

U [€+22 +Z3,f+22 +23],
or aess(z'ﬁg)= [a+c+eb+d+flulate+Z,b+f+Z]U[c+te+Z3,d+f+2]Ulc+2Z +2;,d+
21+23Ue+21f33,f+31 +z3, and discrete spectrum of operator 3H3/2q is empty: cdisc3H32q=0.

Q. If v=3 andu<o, -Z<U<-2, M>m and m<iw, or U<0, -2 <U<-=, M<m, and
m

4 4B 3B 4 | 1
m<-W,oru<0 ——<U<->= m<MandM>-W,or u<0, ——<U<-——,
3 m W 3 m M

4 4B 4B 4 3B ]
m<M, and m>-W, 0T U<0, ——<U<-—, m > M, and M>-W, 0Ty <0, ——<U<-—,
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M<m m> %W, then the essential spectrum of the third five-electron quartet state operator 3H 39,2 is
consists of the
union of two segments: g, ( 31’1“;) =la+c+eb+d+flulatc+zy,b+d+z) OF g, ( 3ﬁ§) =

2 2

[atc+eb+d+flulat+c+Z;,b+d+2;] or aess(3ﬁ§)=[a+c+e,b+d+f]u[a+c+z~1,b+d+

z1, and discrete spectrum of operator 3H3/2q is empty: Jdg;ccg//zgzq:@,

d).Ifv=3 and v <o, —%gu<o and M <m, (M >m), m<%W.

or <0, —2<U<0,M>mandm<iW, or U<0, —=<U <0, M>mand m>-w, or U<O,

2oy < 0, M <m, and m >§w, then the essential spectrum of the third five-electron quartet state
m

operator 3j¢

2

is single segment: g, ( 3H§7) =[a+c+eb+d+ f] and discrete spectrum of operator *f{ is empty:

Odisc ( Sﬁiq) =0
2

Theorem 34.a).If v=3 andu >0, U > %, m> %w, and m<M, (m > M), or U >0, U > fn—B,

y 2

m< %W' andm<M, or U>0, U> L_B, M < %W' and M<m, then the essential spectrum of the third five-

electron quartet state operator 3H 34 is consists of the union of seven segments:
z

aess(Sﬁf):[a+c+e,b+d+f]U[a+c+z3,b+d+zg]u[a+e+22,b+f+22]u[a+22+z3,b+z”2+
2

z3U[cte+z1,d+/+z1]Uct+z1+23,d+z1+230e+z1+22,f+z1+2z2, and discrete spectrum of operator 3H32q is
consists of no more one point: g, ( 3H§) ={z, +2Z, + 23}, OF Oy ( BHf) = Q.
Here, z1, z 2 and z3, are the eigenvazlues of the operators H 2741, H Z28/12 and H 2°s3, correspondingly.
b).If v=3 and U>0, Z<U<2, andm <M, m<iW,or U>0, =2 <U<~, M>mand
m<iW, or U>0,22<U<, M<m andM<iW, or U>0,2<U <=, and M<m, m<:W,
oryU >0, »;_3 <U< %, and m< M, (M <m), m> %W, the essential spectrum of the third five-electron quartet

state operator 3H§ is consists of the union of four segments: o, ( 3?1'3") =la+c+eb+d+flu
2 2

l[a+c+zy,b+d+z)lUla+e+z,d+f+z]U[c+2z +23,d+z + 23] OF Jess(3ﬁ§)=[a+c+e,b+
2
d+/fVa+c+z3,0+d+z30ate+z2,0+/+z20a+z2+z3,d+z2+23, or
Jess(3ﬁf)= [a+c+eb+d+flulat+e+Z,,d+f+2JUlc+etz,d+f+z]Ule+z;+2,,f+z;+
2

z2, and discrete spectrum of operator 3H32q is empty: odisc3H32q=0.

3B 4B 4 3B

c.lff v=3 andUu >0, —<U<—, andm<-W, M<m,or U>0, —

W m 3 w

m< M, 0rU>O,%SU<%, and m<§W, M>m, or U>0,L—?su<ﬂ, and m>§W,m<M, or
m

U>0, Z<su<ZandM<IW.M<m, or U>0,~<U<>, and M >2w, M <m, then the essential

4B 4
U< and M<SW,
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spectrum of the third five-electron quartet state operator *g¢ is consists of the union of two segments:

F
655(3Hq)
2
l[a+c+eb+d+flula+c+zy,b+d+z3) OF am(3ﬁ.q)=[a+c+eb+d+f]u[a+e+22,b+f+

Zy], or ae_,,._q( i) [a+c+eb+d+flulc+e+z,d+ f+2z] anddlscretespectrumofoperator3H5 is
2
empty: o-disc( H?)_Q
d). If v=3 andU>0,0<Ug‘W, andM<§W,orU>0,0<UgW, andm<§W, M<m, or
U>0,0<U<Z, andM>ZW, M>m, orU>0, 0<U<Z, M>m, andm>2w, or U>0,
O<U5§,M<m,andm>gw, or>0,0<Us;—B, M <m, andM>§W, then the essential spectrum of

the third five-electron quartet state operator 3H§ is single segment: g, ( 3H§) =la+c+eb+d+[f] and
2 2
discrete spectrum of operator *HY is empty: oy, ( 31?';') = 0.
2
We now consider the three-dimensional case, when /11 (49,49, 4%, and
Ay = (43,43, 19). Then the continuous spectrum of the operator H 2741 is consists of the segment o,,,, (H7,,) =

0 0
Gi, = [~24 - 12Bcos =, —24 + 12Bcos 21|,

Theorem 35. a). If v=3 and 4, = (49, 4%, 4%), and U<0, and U < - 125;‘:5 Z, then the operator 77, has only

one eigenvalue z1%, lying the above of the continuous spectrum of operator HJ,.

A0
sU<0

b).If v=3 and A, = (49, 49,4), and U<0, and, then the operator 175»11 has no eigenvalue, lying the above

IZBcos—

of the continuous spectrum of operator H 271.

0
ZBCUSﬂ
c). f v=3 and 4, = (4,4%,4)), and U>0, and U > : = 2, then the operator H 2741 has only one

eigenvalue z12, lying the below of the continuous spectrum of operator H 271.

0
IZBcos

d).If v=3 and A, = (4,49,49), and U>0, and 0 < U <
lying the below of the continuous spectrum of operator H 2741.

We now consider the three-dimensional case, when A; = (49,4%,49), and 4, = (43,49, A)). Then the o
continuous  spectrum of the operator H 2%3 is consists of the segment
Oeont (A34,) = Gif, = |24 — 12Bcos =2, 24 +12BcosA302.

, then the operator H 2741 has no eigenvalue,

/10
12Bc

Theorem 36. a). If v=3 and A; = (43,45, 43), and A, = (43,43, 43), and U<0,andU < — [;S Z, then the

operator H 2243 has only one eigenvalue z31, lying the above of the continuous spectrum of operator H 29s.

b). If v=3 and A5 = (43, 4%,49), and A, = (43, 4%, 4)), and U<0,
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L‘(.IS'A_g ~
and — IZBW' L < U < 0, then the operator H3,_has no eigenvalue, lying the above of the continuous spectrum

of operator 3.,
0

a3
c).If v=3 and A, = (49,49, 4%),and A, = (4}, 43, 49), and U>0, and U > 123;;.5 2, then the operator H 2943

has only one eigenvalue z32, lying the below of the continuous spectrum of operator H 2%43.
d).If v=3 and A; = (49,44, 4%), and 4, = (43, A}, A}), and U>0, and

A_g
0<Uc< IZB::S 2, then the operator H 2243 has no eigenvalue, lying the below of the continuous spectrum of

ﬁgﬂ.3 .
operator

We now using the obtaining results and representation (19), we can describe the structure of essential
spectrum and discrete spectrum of the operator of third five-electron quartet state:

Let A, = (49,43, A}y and Ay = (43,45, ) and 4, = (43,43, A7).

lZBCUSA,Tl A9 A9 A9 1
Theorem 37.a).If v=3, andU <0, U<-— ——%, €0s— > cos—, cos— >, 0r U<0, U<
. 19
12Bcos—= Ay A9 Ay 1 3B Ay A9 A 1 3B
- L cos=L<cos=E cos=2>-, or U<0, U<—=—, cos=Lt>cos=% cos=Lt>-,orU<0, U<—=—,
w 2 2 2 74 w 2 2 2 74 w

A9 A9 A9 . . . ~q .
cos?l < cos 72 cos;2 < %, then the essential spectrum of the third five-electron quartet state operator *H3 is

consists
2

of the union of seven segments: o, ( 3H§) =la;+c;+e, b +d +filUla, +¢; +23,by +d; +23]U
2
[a +e +z4,b +f +2z']ufa +z'+2z,b +z'+z]U c +e +z',d +f +z' U[c +z'+z,d +z'+ 1
1 2 1 1 2 1 ) 3 1 2 3[1 .. 11711

1 3 1 1
z3Uel+z11+2z21,f1+2z11+42z21, and discrete spectrum of operator 3H32q is consists of no more one point:

Odisc ( 3H"3q) = {Z% +Z% +2z3}h O oy ( 3[-_7;) =0
2 P

0 0
Here, hereafter a, = 24 — 12Bcos=, by = 24 + 12Bcos =,
0 0
c1 =24—12Bcos™:, d; =2A+12Bcos”., e, =A—6B, fi=A+6B, and zi!, z!, and z3, are the

eigenvalues of the operators H 2741, H 2842 and H 2°43, correspondingly.
0 0
12Bcos L 12Bcos2

0 0 0
b).Ifv=3, andvu <0, - <U<-—+%, cos‘;—l>cos”‘z—f,andcos"z—2 i or U<,

0 0
123608% 1ZBCOSA—1

0
3 Ay 1215’::05'/'71
sU<-— o cos— <cos

3B A9
<U<—- cos=L >
w 2

0 0
‘L_Z, and 605’12_1>%, or U<0, and —
A9 A9 12.8::.:)5’1g

1 —-=

cosf, and cos71> = or U<0, and — 2

3B A9 A9 A 1
<< [ —— — —_ —_ - <
> <U< W,cosz<cosz,andcosz>4,DorUO,

A9 A5
3B 12Bcos=L A0 A0 79 1 3B 12Bcos =2 A0

and = <U < - 2 e = e or U<O, and—-=<U < - 2 2«

W_U_ o €os—<cos—, cos— <o, , W_U_ o cos—

0 0 ~T . .
cos ’;—Z cos% < %, then the essential spectrum of the third five-electron quartet state operator *H; is consists
2

of the
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union of four segments: g, ( 3H§) =[a,+c,+e,by+d +filula, +e +z),by+fi+zi]U[a; +¢c, +
2
Zy,by +dy + 23] Uay + 2} + 23, by + 2} + 23], OF o ( 3H§) —[ay+c +e,b +dy+f]U[a +c; +
2

Z31b1 +d1 +23]U [Cl +€1 +le,d1 +f1 +Z%] U [Cl +Z% +23,d1 +Z%+Z3]I or aess(sﬁf) = [al +C1 +

2 -
el,b1+d1+f10al+el+221,61+/1+221U[cl+e1+211,d1+/1+2z11]Uel+z11+221,f1+z11+z21 , and discrete
spectrum of operator *f{ is empty: g, ( 3HI ) =@

2 2

0
128605— 3B AY A9 A9 1
c).Ifv=3 and U <0, _T U<-. cos—l > cos?z, and cosf o or U<0,

A9 A9
12Bcos=L 3B 3B 12Bcos =% AY A9
Lt<U<s-3, cos—<cosT andcos—>—, ory <0, —-<U<-—p L, cos?‘< cos;z,and

49
123605—

49
Y 1 3B A9 A9 A 1 12Bcos =%
cos;’<z, ory <o, —WSUS— 7 2 cos?l>cos?2,and cos?2 7 or U<0, and - 2

’

29 29 a9
12Bcos =t A° A9 A9 1 12Bcos =L 12Bcos == A0 A9
Us—— Z, cos71<cos72, andcosf>? or U<0, and — 7 L<lU<— 7 Z 60571>60572;

= 1]

0 ~
and cos% > %, then the essential spectrum of the third five-electron quartet state operator *H{ is consists
2

of the
union of two segments: g, ( 3ﬁ§) =[a;+c,+e,by+dy+filule; +e +2z{,d, + f; +2{] OF g, ( Fiq)
2

ST

la; + ¢ +e, by +d; + filUla; +e; +20,by + f; + 23], or
e;?(BHj)z [al +Cl +€1,b1 +d1 +f]] U

[a; + i + Z3, by +dy + 73] and discrete spectrum of operator *f is empty: g, ( 31"{;’) = Q.

2 =z

3B A9 A9 A9 1 3R
d).If v=3 and v <0, --<U<0 andcos= <cosZ, cos= > or—W <U <0, and
A9 A9 A3 1 12B 0
COS= > c0s=,  €0S— >, 0ry <0, _i < U < 0,and cos— < cos— cos™ <1 or U<,
w 2 4
0
A
128605‘72

(]
<U<0, and cos— > cos? cos < —, then the essential spectrum of the third five-electron
quartet
state operator 3ﬁ§ is single segment: ¢, ( 3H§) =[a, + ¢; + e, by +d; + f;], and discrete spectrum of
]

2
operator *f{ is empty: g, ( SHY ) =@
2

,19 AO

12Bcos =2 A9 A9 12Bcos ==

Theorem 38.a).If v=3, and U >0, U >———2, cos5 > cos, cos >—, or y>0, U> Tz.
A9 AY A9 1 3B A9 A9 3B

Cos?’<cos?2, cos?z>z, orU >0, U>W’ COS?1>COS?2, cos—<—, or U>0, U>—, r:os2 <

0 0 —_ .
cosﬂz—z, cos% < %, then the essential spectrum of the third five-electron quartet state operator *Hj is
2

consists of the
union of seven segments: o, ( 31373") =[a;+c+e.by+d+filV[ay+c;+23.b +dy +2z3]U[a; + e +
2
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z22,b1+f1+2z22Val+z22+z3,b1+z22+2z3U cl+el+z12,d1+ ;14212 Ucl+z12+23,d1+z12+2z3VUel+z12+z2
2,f1+2z12+222, and discrete spectrum of operator 3H32q is consists of no more one point:

Odisc ( Sﬁg) = {212 + 222 + 23}; or gy ( 3H§) = Q.
2 z

Here, z12, z22, and z3, are the eigenvalues of the operators H 2741, H 2842 and f3,, correspondingly.
0

)
3B 12Bcos—== A° 719
U>0, ~<U<—0¢ 2 cos—1<cos?2

b).If v=3, and andcos—>—, or U >0, —<U<

U
128(,05_—1 3

U
121‘3‘(.()5,— : A0 A0
—_— cos—>cos— and cos >—, or U >0, TZSUSW, 60371> cos ;, andcos—< or
AD AD AD

1ZBcos A9 12BCGST]' 12!3(:05? A9 A9

U>0, and U<—, cos—<cos?, cos—<—, or U >0, W U< o cos?<cos7,
.40 29
0 12Bcos=2 12Bcos =L 0 0 .

605/12—2 > i, or U>o, LsUs——2, cos’;—l > cos "2—2 cos% > % then the essential spectrum of the

third five-electron quartet state operator °Hy is consists of the union of four segments:

2

ess( H3)=[al+cl+
el bl+d1+/1Ufal+cl+23,01+d1+z3]Ufcl+el+z12,d1+/1+z12]Ucl+z12+23,d1+2z12+23, or
ESS(BH';) [a1+C1+€1,b1+d1+f1]U[a1+C1+Zg,b1+d1+23]U[a1+€1+22,b1+ﬁ+2]U

[a1 +Zz +23,b1 +Z§ +Zg], or 0955(3]75) = [a1 +Cl +€1,b1 +d1 +f:1] U [al +81 +Z§,b1 +f1 +222] U [CI +

2
e; +z5,dy + fi + 28] U [ey + 27 + 22, f, + z7 + z%], and discrete spectrum of operator 3F¢ is empty:

2
Odisc ( Sﬁg) =0
2

A9
3B 12Bcos— AY AY A9 1
c.If v=3andu >0, =<U< L cos=<cos= and cos= >, 0r U >0,
w w 2 2 2 4
12Bcasﬁ A9 79 A9 1 12Bcasﬁ 121‘16(15/1—g AY A9 A9 1
— Z, cos;‘>cos?2, and cos—2>z, ory >0, - L<U< — Z, cos—1<cos7z, and cosf<z, or
,'.!3 AU 0
IZBCOST“ 12Bcos=L IZBcos—

- U< m L co >cos andcos—< ,OI' U>0,

0

A3
A9 A9 A9 1 IZBcus—
cos —21 < cos —22, and ms—z1 < oru>0o,

FTcu<
w

Uu=o, U<

IA

A9 A9 A9 1
<U < o CosT>cos and cos— < -, then the
essential spectrum of the third five-electron quartet state operator 3F¢ is consists of the union of two

2
segments:

ess(3Hg)= [a1+C1+91,b1+d1+f1]U[C1+31+Ziz,d1 +f1 +Zi2]; OrO'ess(S _)=[a1+cl+€1,b1+

79

3

Fl

dl +f1]U [al +€l +Z%,b1 +f1 +ZZZ], OI'JESS(3H§) = [a1 +C1 +€1,b1 +d1 +f1] V] [al +C1 +23,b1 +d1 +
2

z3, and discrete spectrum of operator 3H 37 is empty: 5, ( 31’173‘?) = @
2

2
0

A9 A9 1 3B
d).Ifv=3 and U > 0, 0<U<—, and cos <cos— cos?’>z,or 0<U <, andcosg—l>
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20
A 49 1 A9 A9 A% 1 12Bcos =%
cos =2, cos?z>— orU>0, 0<UC< , andcos?1<cos—z, c0571<;, orv>0 0<U<—- z

2 4 2
0 0 0 . . .
and cos% > cos /12_: cos% < %, then the essential spectrum of the third five-electron quartet state operator
3H1is
z

0
A
0 12.'3'&'0571

single segment: g, ( gHz") =[a; + ¢; + €1, by +d; + f1] and discrete spectrum of operator 3H§ is empty:
2
Odisc ( Sﬁg) =0
2

6. Conclusion

In this paper we consider five-electron systems in the sextet and first, and second, and third quartet states.
In the five-electron systems the total spin S take the values § = § %, and % The states with total spin value
S= % so-called the sextet state. We proved in the sextet state the spectrum of the system purely continuous
and consists of the segment

[m,,M,] = [5A — 4Bv,5A + 4Bv], and in the system five-electron bound states or five-electron anti-bound
states are

absent. The state with total spin value § = ; so-called the quartet states, in the system exists four type

quartet states. In the first five-electron quartet state, corresponds the basic function the form

1.3/2 — gt ottt ; — ; . T
Gy resery = AmiGnraira a0, We proved, in the case, when v=1, the essential spectrum of the first five

electron quartet state operator is consists of the union of seven segments, and the discrete spectrum of the
first five-electron quartet state operator is consists of no more one point. In the system exists no more one
five-electron bound states or no more one five-electron anti-bound states. In the two-dimensional case, we
have the analogous results. In the three-dimensional case, the essential spectrum of the first five-electron
quartet state operator is consists or the union of seven segments, or the union of four segments, or of the
union of two segments, or of single segments, and the discrete spectrum of first five-electron quartet state
operator is consists no more one point. Consequently, in this case the system have no more one five-
electron bound states or no more one five-electron anti-bound states. In the second five-electron quartet
state, corresponds the basic function the form

2_3/2 — ot ot ot ot ot ; _Ai ; .
Gl ererr = Amrdn aira)1al 0o We prover, in one-dimensional case, the essential spectrum of the second

five-electron quartet state operator is consists of the union of seven segments, and the discrete spectrum
of the second five-electron quartet state operator is consists of no more one point. In the system exists no
more one five-electron bound states or no more one five-electron anti-bound states. In the two-
dimensional case, we have the analogous results. In the three-dimensional case, the essential spectrum of
the second five-electron quartet state operator is consists or the union of seven segments, or the union of
four segments, or the union of two segments, or of single segments, and the discrete spectrum of second
five-electron quartet state operator is consists no more one point. Consequently, in this case the system
have no more one five-electron bound states or no more one five-electron anti-bound states. In the third

five-electron quartet state, corresponds the basic function the form 3¢*/*
mmn,rtleZ

then the essential spectrum of the five-electron third quartet state operator is consists of the union of seven

segments, and discrete spectrum five-electron third quartet state operator is consists of no more one point.

In two-dimensional case, we have the analogous results. In the three-dimensional case the essential

spectrum of five-electron third quartet state operator is consists of the union of seven, or of the union of
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four, or of the union of two, or of single segments, and the discrete spectrum of this operator is consists of
no more one point. Consequently, in this case the system have no more one five-electron bound states or
no more one five-electron anti-bound states.

Comparing of theorems 8,9,10,11,13,14 with theorems 16,17,18,19,22,23, as well as with theorems
31,32,33,34,37,38, show that the spectra of these three Quartet States are the different, i.e. these three
Quartet States has a different origins.
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