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Abstract:
This paper introduces a novel approach for parameter estimation within the context of diffusion
models. While composite quantile regression (CQR) has been applied effectively in classical linear
regression models and more recently in general non-parametric regression models, its application in
diffusion models has been limited. This research bridges this gap by extending CQR to estimate
regression coefficients in diffusion models.
The diffusion model is considered within the framework of a filtered probability space (Q, F, (Ft)t=0,
P), represented as:
dXt = B(t)b(Xt)dt + o(Xt)dWt, where (t) represents a time-dependent drift function, Wt is the standard
Brownian motion, and b(") and o(") are known functions. Notably, Model (1.1) encompasses several
well-known option pricing and interest rate term structure models, including Black and Scholes (1973),
Vasicek (1977), Ho and Lee (1986), and Black, Derman, and Toy (1990), among others.
This study extends the applicability of CQR to diffusion models, offering a powerful tool for estimating
regression coefficients in this context. It fills a significant research gap, providing a promising avenue
for enhanced parameter estimation in the field of diffusion models.

Keywords: Composite quantile regression, parameter estimation, diffusion models, option pricing,
interest rate term structure.

1. Introduction

Composite quantile regression (CQR) is proposed by Zou and Yuan (2008) for estimating regression
coefficients in classical linear regression models. More recently, Kai el.(2010) considers a general non-
parametric regression models by using CQR method. However, to our knowledge, little literature has
researched parameter estimation by CQR in diffusion models. This motivates us to consider estimating
regression coefficients under the framework of diffusion models. In this paper, we consider the diffusion
model on a filtered probability space (&,F,(Ft )t&0,P)

(1.1) dXx:@EE)b(X)dt BA(X ¢ )dWr,

@A(t) Wetis the standard Brownian motion. b(@) and@ (@) are known

where is a time-dependent drift function and functions. Model (1.1) includes many famous option pricing
models and interest rate term structure models, such as Black and Scholes(1973), Vasicek(1977), Ho and
Lee(1986), Black, Derman and Toy (1990) and so on.

a(t)

We allow being smooth in time. The techniques that we employ here are based on local linear fitting (see
Fan and Gijbels(1996)) for the time-dependent parameter. The rest of this paper is organized as follows.
In Section 2, we propose the local linear composite quantile regression estimation for the drift parameter
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and study its asymptotic properties. The asymptotic relative efficiency of the local estimation with respect
to local least squares estimation is discussed in Section 3. The proof of result is given in Section 4.

2. Local estimation of the time-dependent parameter

{X4,id1,2,8,n A1} t1@¢t2 t"21, Denote

Let the data be equally sampled at discrete time points,

Yti B XtiPll B X ti ,Bti BWtiR1 BWti , and Bi B tiZ1 BAti.Due to the independent increment property of
Brownian motion

Wt Bt are independent and normally distributed with mean zero and variancelt Thus, the discretized
version of the model (1.1) can be expressed as

(2.1) YuB B(t:))b( X )R AR(X & )RiZei,

ZH 1/ @ 1.The first-order discretized

where are independent and normally distributed with mean zero and variance approximation error to the
continuous-time model is extremely small according to the findings in Stanton (1997) and Fan and
Zhang(2003), this simplifies the estimation procedure.

Suppose the drift parameter BI(t) to be twice continuously differentiable in ¢. We can take 2 to be local

t 9, we use the approximation linear fitting. That is, for a given time point

(2.2) @(t) EE(to) BIE'(to)(t Eto)

fort in a small neighborhood of © . Let " denote the size of the neighborhood and X(® be a nonnegative
weighted function. "and X(®) are the bandwidth parameter and kernel function, respectively. Denoting 20
=8(t0) and

@1B2'(t0), (2.2) can be expressed as

(2.3) E(t) B EE(t Eto) .

A(t)

Now we propose the local linear CQR estimation of the  drift parameter
Let

k

@k =

ARk (r) @2kr BRK{rE0},k @ 1,2,8,g ,which are g check loss functions at g quantile positions: ¢ @ 1. Thus,
a(t)
following the local CQR technique, can be estimated via minimizing the locally weighted CQR loss

q n e B1

(2.4) @ {@Rezk{ [b(X: )] EBok BE1(ti Bto)} Kn(ti Bto )}

ti Bt 0 ) Kh (ti @t0 )=K( where " and " is a properly selected bandwidth. Denote the minimizer of the locally
weighted

(@°01,@°02,3,2"0q,2"1) T

CQRloss (2.4) by  .Then, we let

q
(2.5) B'(to) @ 1 DR ok

1ol io1 i

>
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q kBl

We refer to @°(¢0 ) as the local linear CQR estimation of(t0 ), for a given time point ¢t 0. To obtain the
@'(@)

estimated function , we usually evaluate the estimations at hundreds of grid points.

In order to discuss the asymptotic properties of the estimation, we introduce the following assumptions.
Throughout this paper, ™ denotes a positive generic constant independent of all other variables.

b(2) @(a)
(A1) The functions and in model (1.1) are continuous.

K (@)
(A2) The kernel function is a symmetric and Lipschitz continuous function with finite support
[AM, M ]

h=h(n) @0  nh20,
(A3) The bandwidth and

F@) f(B)

Let and be the cumulative density function and probability density function of the error, g(2) [a,b]
respectively. denotes the density function of time, usually a uniform distribution on time interval .
Define

B BRu/K(u)du, B BRu/K? (u)du, jE1,2,0

and

1 q q !
(2.6) R(q)?:

q k@1 k'BI1 f(ck) f(ck")
ck 1 F?1 (k) and Bkk ' =Rk IRk k k'.where
@(t0)

Theorem 2.1 Under assumptions (A1)-(A3), for a given time point ¢, the local CQR estimation
from (2.5) satisfies,

(2.7) E[&(to) ] BE(t0) l”(to)z h2Ro(h?)
2
2
(2.8) Var[@'(to) ] @1 _ BE(Xt) R(q) Bo(l)nhg(to)b (Xw ) nh
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and, as "?¢,
2
(2.9) nh{A(t(to) 1@ (to)Bh?} BLN (0, — —— BR° (X*) R(q))

2 g(to)b (X0 )

L'means convergence in distribution.

Where

3. Asymptotic relative efficiency

We discuss the asymptotic relative efficiency(ARE) of the local linear CQR estimation with respect to the
local linear least squares estimation(see Fan and Gijbels(1996)) by comparing their mean-squared
errors(MSE).From

@°(¢t°) .Thatis, theorem 2.1, we obtain the MSE

2

(3.1) MSE[E(to) | B [1EI"(to)E2]? 1—300 (Xt) R(q) Bo(h*@ 1)

2 nh g(to)b (X« ) nh

We obtain the optimal bandwidth via minimizing the MSE (3.1), denoted by

hopt (to) ] B [ BBO2(Xt0)R(g) ] 15751

2 2
g(to)b (X:0)[2" (t0)B2]

B(t%), denoted by B2 (t0) , is The MSE of the local linear least squares estimation of

2
(32) MSE[@is(to) | B ['B"(to)BeJ2h*B L. RO (Xt) Bo(h*@1)

2 nh g(to)b ( Xeo ) nh
and the optimal bandwidth is

BE2(X) 1 1 . - o

5 5
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opt
hLS (t0) ] @[ 2 2 ]n
g(to)b (X:0)[" (t0)B2]

By straightforward calcu14ations, we have, as 22,
MSE[@"Ls (to) ] @ [R'(q)]%;

MSE[@ (to) ]

Thus, the ARE of the local linear CQR estimation with respect to the local linear least squares estimation is
4
:

(3.3) ARE(B'(to),@'1s(t0)) B [R(q)]

(3.3) reveals that the ARE depends only on the error distribution. The ARE we obtained is equal to that in
Kai el.(2010).

ARE(@'(t0 ),&'LS (t°)) for some commonly seen error distributions. Table 1 in Kai Table 3.1 displays
el.(2010) can be seen as ARE for more error distributions.
Table 3.1: Comparisons of ARE("(t0 ),2°LS (t0 )) for the values of g

Error q@1 qB5 q@9 q@19 q @99
N(0,1) 0.6968 0.9339 0.96590.9858 0.9980
Laplace 1.7411 1.2199 1.1548 1.0960 1.0296
0.9N(0,1) @0.1N(0,10% | 4.0505 4.9128 4.70693.5444 1.1379
)

From Table 3.1, we can see that the local linear CQR estimation is more efficient than the local linear least
squares estimation when the error distribution is not standard normal distribution. When the error
distribution is

N(0,1) and q @ 1,5,9,19,99, the ARE(®"(t0 ),B"LS (t0)) is very close to 1, which demonstrates that the local
linear

CQR estimation performs well when the error conforms to the standard normal distribution too.

4. Proof of result

Es11 S12

S

In order to prove theorem 2.1, we first give some notations and lemmas. Let 2521  $228 and

AE11 @12

A@21 @ 228, where S11 is a q@q diagonal matrix with diagonal elements f(ck ),k @1,2,8,q,

q
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SERf(c)

S12 08 (A1 f(c1),81 f(c2),8,81 f(cq))T, S21 B S12T and 22 2@kA1L k. @ 11 is a q@q matrix with (kk') -

BR0 k k' kk'R®1,2,8,q 212 B (A1Bkq'B1@1k" ,A1Rqk 'B1R2k " ,B,A1Rkq'B1Bgk ' )T @B21=@12 '
@122 BRA28kqk 'B12kk'

element , and.

B(X)

v uB nhBEBB()E o ¢ By B h
k Ok 0 Kk 10 nh@@ B8 (¢) B
Furthermore, let b(X:0 ) ,
18 DD dikBik@ HBuk BckBE  BEri
B val PEb(Xti)  b(Xt0)BE  with ri B B(ti ) BE(0 ) BE' (t0 )(¢ti
and nh h Write 2t0 ).
BE B(Xti ) B(Xt0)D @
Define i,k to be ti k ik titi k . Let n 11 12 1q
1(q21) with
Zn Bq  wi(BqE1)B108q nBifkh(6BH0) 600

wlk k Kh(ti @t0),k B1,2,

nh 11, and nh k@1 i1 h .

Lemma 4.1 Under assumption (A1)-(A3), minimizing (2.4) is equivalent to minimizing the following term:
q B n @i* k Kh(ti B1t0)E q n Bi*,kKh(ti @t0)(¢ti B1t0 ) q

Ln(@) B Bux BERRVEREEZBhk (2)

k@1 B iR1R kEI1 iR 1kEI1

BB [BZBcBd
T
b(X)a(X)ep &z wa (w,w,tw,w) /
Blers,.BE (W, TBB op(1)

2

BA=(u,u,B8,u,B)
11 q with respect to , where

Bnk BEEERIEN]1 BRARRKA Bt B1t0 BRI 1 ARACRAIAE ti  k d@ i,1b@Xti ti B zbBXttii - 180 ti
k di, 1bEXti ti AR dzE Sn BRAERSSnn, 1121 SSnn, 1222 B BIRIA,
0B BZBEc

vox . O
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BX 0 ARRX AREE  RREZ B B ARX B a,

2 n bEX [

Sn,11 BIBRKA At At0 i BES11 with i1 nh@ XtRE, Sn,21 ASnT 12,
Sn,12 BRRAEN Kh Bti Bt0 Bti @t0__ bRX Bt Bi BRRES Bcl B, fRc2 8,8, fRcq AAT
alapiaht h nh@ Xt@@

Bq Bck BBn BEKA Bti B0 B(ti B2t0 )2bAXAL Bi
Sn,22 f

and h nh@ Xt 01 .

k@Bl  iEl

The proof of lemma 4.1 is similar to lemma 2 and lemma 3 in Kai el.(2010).
Proof of theorem 2.1

Using the results of Parzen(1962), we have

1n Ot B0 |
BKh Bti Bt0R j AP gBt0Bu j nh i@l h

P means convergence in probability. Thus,
where

gltobAXe B gRtoRbRAX0 BES11 S120
Snllp S S
EIREX t0 RIRXt0 21521 220

According to lemma 4.1, we have

Le@ERR 1gltl @ bEX ©RATSEREW," ATAR 0p A1HR

LrARREARAWTRATA converges in probability to the convex function Since the convex function
1 gat0 BbRAX ORI T

Sel

2 BX ¢

0 , according to the convexity lemma in Pollard(1991), for any compact set, the quadratic
LopE

1
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approximation to holds uniformly for . Thus, we have

"AE gBt0 BbAX t0 B SB1Wn* Eo p B1A
Bln

AEX ¢
0

Define Bik B I@zti Bck @ ARk and Wn0@BAwll,wl2,BwlqwlBqBA1RART with
wlk n @i kKh Bti @t0R,k @1,2,0,q quﬁ\iﬁﬁf 1 Bq Bn Aik Kh Ati At0 B ti At0
nhi@l, and nhkB1iA1 h

By using the central limit theorem and the Cramer-Wald theorem, we have

Wn BE(Wn)
(4.1) 5

L (qBN)BE(qE1) Var(Wn)

Notice that Cov(%ik,2i,k ') @%kk ' andCov(Rik,Rj,k") B 0 Ifi @ j . We have

1 n 2 (ti Bt0)
BKh (tiBt0) jEP g(to)vi.nhilBl h

Var(W)Bg(t)B.  WEN(0,g(t)a)

Thus, 79. Combining the result (4.1), we have "L 9. Moreover, we have

1 n

* 2 *

Var(wlk Bwlk ) B BIKh (ti At0)Var(Blik BRIk )

nh @1

1 n 2 | di,k | b(Xti)

BKn (t: Bto)[F(ck® ) BF(ck)] B@p (1) nh i@1 B(Xti)
And

n q

* 1 2 tidt0 *

Var(wl(q®1) B wl(q®1)) B BKh (ti Bt0) Var(BRik BRik )
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nh i@l h kz1

q2 n 2 tLAt | dik | b(Xti)
BKn (tillto) maxk[F(ck® ) BF(ck)] BBy (1).nhiE1  h B(Xti )

Var(w B wn) @@ P *
Therefore, (1) . Using Slutsky's theorem yields wn 2. N (0, g(to)®).

Thus,

2 A(Xt0 ) @1 * 212 (Xt) @1 @1

.0 S E(Wh) AL N(O,—QOS @S ) g(to)b(Xt) g(to)b (X¢)
0 0

So the asymptotic bias of @"(t0 ) is:

bias(B*(t0)) B 1 B(Xt0) Bq ek?%—@-ﬁéf@ﬂ—equ(Sll)lE(Wl *n) qb(Xt0) kB1 qnh g(to)b(Xw )

B 1 B(Xt0 ) B ck [

A0} Bnkimel BEF(ck @ dikb(Xt0)) B F(ck )AE, q b(Xt0) kB1 q nh g(t0 )b(X t0
) iB1 k@1 f(ck) BEH(X

ti) where

Ki B Kh(ti B1t0 ),eq@1 @ (1,1,81, 1)Tand W1*n B(w11l* ,wl12*,.wl*q)T .

q

¢ 0

z k ,and

Note that @ is symmetric, thus 421

: K 1 diyb(Xed ) rbi(Xd )

BF(ckB ) B F(ck)BBE (1Bor(1)). g kB1 £ (ck ) B(Xt) BEB(Xt)
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i i
Therefore,

1 BA(Xt0) n rbi (X ti)

bias(2'(to)) B@K:  (1Bop(1)). Since

nh g(t0)b(Xt0)iB1 B(Xti)

n rb(X) g(¢)B" (¢)b(X)

1

BK HEo 0 0@, h2 (1Bop(1)). We have
nhiB1 B(Xti) 20(X )

1

2

bias(@(to)) @A (to)E@2h2 Rop(h?). and

B2 (X) _
Var[B'(¢0)] B 1 2 t0 12 eqTA1(SE1ESA1)11eqB1 Hop( 1) nh g(to)b (X0 ) q nh

1 . v0E2 (Xt) R(q)Bop(1). nhg(to)b (X0)nh

2

=

This completes the proof.
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